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✷ ❲s❦❛③❛♥✐❡ ♦s✐→❣♥✐➛❝✐❛ ❤❛❜✐❧✐t❛❝②❥♥❡❣♦
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t✉♠ ❣r♦✉♣s✱ t❤❡✐r ▼❛r❦♦✈ s❡♠✐❣r♦✉♣s ❛♥❞ ♣♦t❡♥t✐❛❧ t❤❡♦r②✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✷✻✻ ✭✷✵✶✹✮✱
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▼ó❥ ✉❞③✐❛➟ ✇ ♣r❛❝❛❝❤ ✇s♣ó➟❛✉t♦rs❦✐❝❤ ❥❡st ♦❝❡♥✐♦♥② ♥❛ ③❛➟→❝③♦♥②❝❤ ♦➧✇✐❛❞❝③❡♥✐❛❝❤✳
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✸ ❖♠ó✇✐❡♥✐❡ ❝❡❧✉ ♥❛✉❦♦✇❡❣♦ ✇✇✳ ♣r❛❝ ✐ ♦s✐→❣♥✐➛t②❝❤ ✇②♥✐❦ó✇

✇r❛③ ③ ♦♠ó✇✐❡♥✐❡♠ ✐❝❤ ❡✇❡♥t✉❛❧♥❡❣♦ ✇②❦♦r③②st❛♥✐❛

✸✳✶ ❲st➛♣

●r✉♣② ❦✇❛♥t♦✇❡ s→ ✉♦❣ó❧♥✐❡♥✐❡♠ ❦❧❛s②❝③♥②❝❤ ❣r✉♣✱ ❦tór❡ ♦❞③✇✐❡r❝✐❡❞❧❛❥→ s②♠❡tr✐❡ ♣r③❡str③❡♥✐
♥✐❡♣r③❡♠✐❡♥♥②❝❤✳ ❑♦r③❡♥✐❡ t❡❥ t❡♦r✐✐ s✐➛❣❛❥→ ❞r✉❣✐❡❥ ♣♦➟♦✇② ❳❳ ✇✐❡❦✉ ✕ ♦❞❦r②➣ ❛❧❣❡❜r ❍♦♣❢❛ ♦r❛③
♣ró❜ ✉➺②❝✐❛ ✐❝❤ ✇ ✜③②❝❡ ❦✇❛♥t♦✇❡❥ ✐ ❦✇❛♥t♦✇❡❥ t❡♦r✐✐ ❣r❛✇✐t❛❝❥✐✳ ❆s♣❡❦t ❛❧❣❡❜r❛✐❝③♥② ❝❛➟❡❥ t❡♦r✐✐
♣♦❝❤♦❞③✐ ③ ♣r❛❝ ❱✳●✳ ❉r✐♥❢❡❧✬❞❛ ✐ ▼✳ ❏✐♠❜♦✱ ❬❉r✐✽✼✱ ❏✐♠✽✺❪✱ ❦tór③② ♦♣✐s❛❧✐ ❦✇❛♥t♦✇❡ ❞❡❢♦r♠❛❝❥❡
❦❧❛s②❝③♥②❝❤ ❛❧❣❡❜r ▲✐❡❣♦✳ P♦❞❡❥➧❝✐❡ ❛♥❛❧✐t②❝③♥❡ ③❛✇❞③✐➛❝③❛♠② ❙✳▲✳ ❲♦r♦♥♦✇✐❝③♦✇✐ ❬❲✽✼❜❪✱ ❦tór②
✇♣r♦✇❛❞③✐➟ ✐ ③❛❦s❥♦♠❛t②③♦✇❛➟ ♣♦❥➛❝✐❡ ③✇❛rt❡❥ ❣r✉♣② ❦✇❛♥t♦✇❡❥✳ ❩♦st❛➟♦ ♦♥♦ ♥❛st➛♣♥✐❡ ✉♦❣ó❧♥✐♦♥❡
♥❛ ♣r③②♣❛❞❡❦ ❧♦❦❛❧♥✐❡ ③✇❛rt② ♣r③❡③ ❙✳▲✳ ❲♦r♦♥♦✇✐❝③❛ ❬❲✾✻❪✱ ❛ ♥❛st➛♣♥✐❡ ✇ s✐❧♥✐❡❥s③❡❥ ✇❡rs❥✐ ♣r③❡③
❏✳ ❑✉st❡r♠❛♥s❛ ✐ ❙✳ ❱❛❡s❛ ❬❑❱✵✵❪✳

❉③✐s✐❛❥ ③♥❛♠② ❥✉➺ ♥✐❡ t②❧❦♦ ✇✐❡❧❡ ❦♦♥❦r❡t♥②❝❤ ♣r③②❦➟❛❞ó✇ ③✇❛rt②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✱ ❛❧❡
t❛❦➺❡ ❦✐❧❦❛ ♦❣ó❧♥②❝❤ s❝❤❡♠❛tó✇ ✉③②s❦✐✇❛♥✐❛ t❛❦✐❝❤ ♦❜✐❡❦tó✇✱ ♥♣✳ ♣r③❡③ ❦✇❛♥t②③❛❝❥➛ ❛❧❣❡❜r ▲✐❡❣♦✱
♣♦♣r③❡③ ✬✉✇♦❧♥✐❡♥✐❡✬ ✭❛♥❣✳ ❧✐❜❡r❛t✐♦♥✱ ♦♣✐s❛♥❡ ♣r③❡③ ❇❛♥✐❝➛ ✐ ❙♣❡✐❝❤❡r❛ ❬❇❙♣✵✾❪✮✱ ♣r③❡③ ❦♦♥str✉❦❝❥➛
❲♦r♦♥♦✇✐❝③❛ ✭❦tór❡❥ ♣♦➧✇✐➛❝♦♥❡ s→ ♠♦❥❡ ♣r❛❝❡ ❬❍✶❪ ✐ ❬❍✷❪✮✱ ♦r❛③✱ ❜❛r❞③✐❡❥ ♦❣ó❧♥✐❡ ♣♦♣r③❡③ t✇✐❡r❞③❡✲
♥✐❡ r❡❦♦♥str✉❦❝②❥♥❡ t②♣✉ ❚❛♥♥❛❦✐✲❑r❡✐♥❛ ✭❬❲✽✽❪✮✳ ❲❛rt♦ ✇s♣♦♠♥✐❡➣✱ ➺❡ ❣r✉♣② ❦✇❛♥t♦✇❡ ✇②st➛♣✉❥→
✇ ró➺♥②❝❤ ♣♦st❛❝✐❛❝❤✿ ❥❛❦♦ ❛❧❣❡❜r② ♦♣❡r❛t♦ró✇ ✭❈∗✲❛❧❣❡❜r② ❧✉❜ ❛❧❣❡❜r② ✈♦♥ ◆❡✉♠❛♥♥❛✮✱ ❥❛❦♦ ❛❧❣❡✲
❜r② ❍♦♣❢❛ ❝③② ❥❛❦♦ ❦❛t❡❣♦r✐❡ t❡♥s♦r♦✇❡✳ ❈③➛st♦ ✐♥❢♦r♠❛❝❥✐ ♦ ❣r✉♣✐❡ ❦✇❛♥t♦✇❡❥ ❞♦st❛r❝③❛ ❜❛❞❛♥✐❡
ró➺♥②❝❤ ❛s♣❡❦tó✇ t❡❣♦ s❛♠❡❣♦ ♦❜✐❡❦t✉ ❧✉❜ ✐♥t❡r❛❦❝❥✐ ♠✐➛❞③② ♥✐♠✐✳

❖❦❛③✉❥❡ s✐➛✱ ➺❡ ❣r✉♣② ❦✇❛♥t♦✇❡ st❛♥♦✇✐→ ✇➟❛➧❝✐✇❡ ➧r♦❞♦✇✐s❦♦ ❞❧❛ ✉♦❣ó❧♥✐❡♥✐❡ ❞✉❛❧♥♦➧❝✐ P♦♥tr✲
❥❛❣✐♥❛ ♥❛ ❣r✉♣② ♥✐❡♣r③❡♠✐❡♥♥❡ ✭♥♣✳ ❬❑❛❝✻✶❪✮✱ ✇♣r♦✇❛❞③❛❥→ ✇➟❛➧❝✐✇❡ ♣♦❥➛❝✐❡ s②♠❡tr✐✐ ✇ t❡♦r✐✐ ♣♦❞✲
❢❛❦t♦ró✇ ❏♦♥❡s❛ ✭♥♣✳ ❬❇❛♥✾✾❪✮✱ st❛♥♦✇✐→ ♥❛t✉r❛❧♥❡ ➵ró❞➟♦ ♠♦❞❡❧✐ ❞❧❛ ♥✐❡♣r③❡♠✐❡♥♥❡❥ ♣r♦❜❛❜✐❧✐st②❦✐
✭♥♣✳ ❬❑♦❙♣✵✾❪✱ ❬❇❈✵✼❪✮✱ ❛ t❛❦➺❡ ♦❞❣r②✇❛❥→ ✐st♦t♥→ r♦❧➛ ✇ ♥✐❡♣r③❡♠✐❡♥♥❡❥ ❣❡♦♠❡tr✐✐ ✭♥♣✳ ❬❈♦✵✹❛❪✮✳
❚♦ ✇③❛❥❡♠♥❡ ♦❞❞③✐❛➟②✇❛♥✐❡ ♠✐➛❞③② ♥✐❡♣r③❡♠✐❡♥♥→ ♣r♦❜❛❜✐❧✐st②❦→ ✐ ♥✐❡♣r③❡♠✐❡♥♥→ ❣❡♦♠❡tr✐→ st❛❥❡
s✐➛ ❥❡s③❝③❡ ❜❛r❞③✐❡❥ ✇✐❞♦❝③♥❡✱ ❣❞② ❜❛❞❛♠② ♦❞♣♦✇✐❡❞♥✐❦✐ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ❣r✉♣❛❝❤ ❦✇❛♥t♦✇②❝❤
✭❛ ❞♦❦➟❛❞♥✐❡❥ ♥❛ ✐❝❤ ❣➛st②❝❤ ♣♦❞❛❧❣❡❜r❛❝❤ ❍♦♣❢❛✮✳

❲ ❦❧❛s②❝③♥❡❥ ♣r♦❜❛❜✐❧✐st②❝❡ ♣r♦❝❡s② ▲é✈②✬❡❣♦ t♦ ♣r♦❝❡s② ♦ ♥✐❡③❛❧❡➺♥②❝❤ ✐ st❛❝❥♦♥❛r♥②❝❤ ♣r③②✲
r♦st❛❝❤✳ ❙t❛♥♦✇✐→ ♦♥ ♠♦❞❡❧❡ ✇✐❡❧✉ ✐♥t❡r❡s✉❥→❝②❝❤ ♣r♦❝❡só✇ ③❛❝❤♦❞③→❝②❝❤ ✇ ➧✇✐❡❝✐❡ ♠❛t❡r✐❛❧♥②♠
✭r✉❝❤ ❝③→st❡❝③❡❦✱ ❦✉rs② ❛❦❝❥✐✮✱ ❛ ♥❛❥❜❛r❞③✐❡❥ ③♥❛♥②♠✐ ✐❝❤ ♣r③②❦➟❛❞❛♠✐ s→ r✉❝❤② ❇r♦✇♥❛ ✐ ♣r♦❝❡s
P♦✐ss♦♥❛✳ ◆✐❡♣r③❡♠✐❡♥♥❡ ♦❞♣♦✇✐❡❞♥✐❦✐ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ✭♣✐❡r✇♦t♥✐❡ ♥❛③②✇❛♥❡ ✏❜✐❛➟②♠ s③✉♠❡♠✑✮
♣♦❥❛✇✐➟② s✐➛ ♥❛❥♣✐❡r✇ ✇ ❦♦♥t❡❦➧❝✐❡ ∗✲❜✐❛❧❣❡❜r ③ ❣r❛❞❛❝❥→ Z2 ✭❛♥❣✳ Z2✲❣r❛❞❡❞ ∗✲❜✐❛❧❣❡❜r❛s✮ ✇ ♣r❛❝②
❬❆❙✈❲✽✽❪✱ ❛ ♥❛st➛♣♥✐❡ ③♦st❛➟② r♦③s③❡r③♦♥❡ ♥❛ ❞♦✇♦❧♥❡ ∗✲❜✐❛❧❣❡❜r② ③ ❣r❛❞❛❝❥→ ✐ ∗✲❜✐❛❧❣❡❜r② ✇❛r❦♦❝✲
③♦✇❡ ❬❙❝❤✾✸❪ ♦r❛③ ❣r✉♣② ❞✉❛❧♥❡ ❬❙❝❤✾✺❪✳ ❲♦❜❡❝ ❢❛❦t✉✱ ➺❡ ❦❛➺❞❛ ③✇❛rt❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ ♣♦s✐❛❞❛
❣➛st→ ♣♦❞❛❧❣❡❜r➛ ❍♦♣❢❛ ✭❝③②❧✐ ✇ s③❝③❡❣ó❧♥♦➧❝✐ ∗✲❜✐❛❧❣❡❜r➛✮✱ ♥❛t✉r❛❧♥❛ st❛➟❛ s✐➛ ♣ró❜❛ ❜❛❞❛♥✐❛ ♣r♦✲
❝❡só✇ ▲é✈②✬❡❣♦ ✇ ❦♦♥t❡❦➧❝✐❡ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✱ ♣♦❞❥➛t❛ ✇ ♣r❛❝② ❬❍✸❪✳

❉❡✜♥✐❝❥❛ ♣r♦❝❡s✉ ▲é✈②✬❡❣♦ ♥❛ ∗✲❜✐❛❧❣❡❜r③❡ ❥❡st ♦❣ó❧♥✐❡ ♠ó✇✐→❝ t❛❦❛ s❛♠❛✱ ❥❛❦ ✇ ♣r③②♣❛❞❦✉
❦❧❛s②❝③♥②♠✿ ❥❡st t♦ r♦❞③✐♥❛ ③♠✐❡♥♥②❝❤ ❧♦s♦✇②❝❤ ♦ ♣r③②r♦st❛❝❤ st❛❝❥♦♥❛r♥②❝❤ ✐ ♥✐❡③❛❧❡➺♥②❝❤✳ ❚♦✱ ❝♦
s✐❡ ③♠✐❡♥✐❛✱ t♦ ③♥❛❝③❡♥✐❡ ♣♦s③❝③❡❣ó❧♥②❝❤ s➟ó✇ ✇ ♣♦✇②➺s③❡❥ ❞❡✜♥✐❝❥✐✿ ③♠✐❡♥♥❡ ❧♦s♦✇❡ t♦ ♥✐❡♣r③❡♠✐✲
❡♥♥❡ ③♠✐❡♥♥❡ ❧♦s♦✇❡ ✭❝③②❧✐ ∗✲❤♦♠♦♠♦r✜③♠② ③❞❡✜♥✐♦✇❛♥❡ ♥❛ ∗✲❜✐❛❧❣❡❜r③❡✮✱ ♥✐❡③❛❧❡➺♥♦➧➣ t♦ ❥❡❞♥❛ ③
❦✐❧❦✉ ♠♦➺❧✐✇②❝❤ ♥✐❡③❛❧❡➺♥♦➧❝✐ ♥✐❡♣r③❡♠✐❡♥♥②❝❤ ✭✇ ♥❛s③②♠ ♣r③②♣❛❞❦✉ t③✇✳ ♥✐❡③❛❧❡➺♥♦➧➣ t❡♥s♦r♦✇❛✮
✐ ✇r❡s③❝✐❡ ♣r③②r♦st② t♦ t❛❦ ♥❛♣r❛✇❞➛ ❡❧❡♠❡♥t② ♣r♦❝❡s✉✱ ❦tór②❝❤ s❦➟❛❞❛♥✐❡ ❥❡st ♠♦➺❧✐✇❡ ❞③✐➛❦✐ str✉❦✲
t✉r③❡ ❜✐❛❧❣❡❜r② ✭❦♦♠♥♦➺❡♥✐✉✮✳

✸



❲ ❛♥❛❧♦❣✐✐ t♦ s②t✉❛❝❥✐ ❦❧❛s②❝③♥❡❥✱ ❦❛➺❞❡♠✉ ♥✐❡♣r③❡♠✐❡♥♥❡♠✉ ♣r♦❝❡s♦✇✐ ▲é✈②✬❡❣♦ ♥❛ ③✇❛rt❡❥
❣r✉♣✐❡ ❦✇❛♥t♦✇❡❥ ♦❞♣♦✇✐❛❞❛ ❥❡❞♥♦③♥❛❝③♥✐❡ ③❡s♣♦❧♦♥② ❢✉♥❦❝❥♦♥❛➟ ✭♥❛③②✇❛♥② ❢✉♥❦❝❥♦♥❛➟❡♠ ❣❡♥❡r✉✲

❥→❝②♠✮ ♥❛ ❣➛st❡❥ ∗✲❜✐❛❧❣❡❜r③❡ ❞❛♥❡❥ ❣r✉♣② ❦✇❛♥t♦✇❡❥ ♦r❛③ ✕ ♣♦♣r③❡③ ❦♦♥str✉❦❝❥➛ t②♣✉ ●◆❙ ✕
t③✇✳ tró❥❦❛ ❙❝❤ür♠❛♥♥❛✱ ③➟♦➺♦♥❛ ③ ∗✲r❡♣r❡③❡♥t❛❝❥✐✱ ❦♦❝②❦❧✉ ✐ ❢✉♥❦❝❥♦♥❛➟✉✳ P♦✇②➺s③❛ ③❛❧❡➺♥♦➧➣
♣♦③✇❛❧❛ s♣r♦✇❛❞③✐➣ ♣r♦❜❧❡♠② ♣r♦❜❛❜✐❧✐st②❝③♥❡✱ ♥♣✳ ❦✇❡st✐➛ ❦❧❛s②✜❦❛❝❥✐ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ❝③② ♦♣✐s✉
✐❝❤ s②♠❡tr✐✐✱ ❞♦ ❜❛❞❛♥✐❛ ♦❜✐❡❦tó✇ ♥❛t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥✳ ❏✉➺ ✇ ♣✐❡r✇s③②❝❤ ❧❛t❛❝❤ r♦③✇♦❥✉ t❡❥ t❡♦r✐✐
✭❬❙❝❤✾✵❪✮ ③❛✉✇❛➺♦♥♦ t❡➺✱ ➺❡ ✐st♦t♥→ r♦❧➛ ✇ ❦❧❛s②✜❦❛❝❥✐ ✐ ❦♦♥str✉♦✇❛♥✐✉ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ∗✲
❜✐❛❧❣❡❜r❛❝❤ ♦❞❣r②✇❛ t❡♦r✐❛ ❦♦❤♦♠♦❧♦❣✐✐✳ ◆❛ ♣r③②❦➟❛❞✱ st❛♥❞❛r❞♦✇❡ ♣♦❞❡❥➧❝✐❡ ❞♦ ❦❧❛s②✜❦❛❝❥✐ ♣r♦✲
❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ❞❛♥❡❥ ❣r✉♣✐❡ ❦✇❛♥t♦✇❡❥ ♣♦❧❡❣❛ ♥❛ ♦♣✐s❛♥✐✉ ✇s③②st❦✐❝❤ tró❥❡❦ ❙❝❤ür♠❛♥♥❛✱ ❝③②❧✐
♥❛❥♣✐❡r✇ ♥❛ s❦❧❛s②✜❦♦✇❛♥✐✉ ✇s③②st❦✐❝❤ ∗✲r❡♣r❡③❡♥t❛❝❥✐ ❛❧❣❡❜r② ❣r✉♣② ❦✇❛♥t♦✇❡❥ ❞③✐❛➟❛❥→❝②❝❤ ♥❛
♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛✱ ♣♦t❡♠ ♥❛ ✉st❛❧❡♥✐✉ ✇s③②st❦✐❝❤ ③✇✐→③❛♥②❝❤ ③ t→ r❡♣r❡③❡♥t❛❝❥→ ❦♦❝②❦❧✐ ✭❝♦ ❥❡st
ró✇♥♦✇❛➺♥❡ ③♥❛❧❡③✐❡♥✐✉ ♣✐❡r✇s③❡❥ ❣r✉♣② ❦♦❤♦♠♦❧♦❣✐✐✮ ✐ ✇r❡s③❝✐❡ ♥❛ s♣r❛✇❞③❡♥✐✉✱ ❦tór❡ ③ ❦♦❝②❦❧✐
♣♦s✐❛❞❛❥→ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡ ✭❝♦ ③ ❦♦❧❡✐ ❥❡st ③✇✐→③❛♥❡ ③ ❧✐❝③❡♥✐❡ ❞r✉❣✐❡❥ ❣r✉♣② ❦♦❤♦♠♦❧♦❣✐✐ ③
tr②✇✐❛❧♥②♠✐ ✇s♣ó➟❝③②♥♥✐❦❛♠✐✮✳

❚❡♠❛t t❡♥ ❥❡st ❜❧✐s❦♦ ③✇✐→③❛♥② ③ ♣r♦❜❧❡♠❡♠ ✐st♥✐❡♥✐❛ r♦③❦➟❛❞✉ t②♣✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ ❑❧❛s②✲
❝③♥✐❡✱ r♦③❦➟❛❞ t❡♥ ♦③♥❛❝③❛✱ ➺❡ ❞♦✇♦❧♥② ♣r♦❝❡s ▲é✈②✬❡❣♦ ♠♦➺♥❛ r♦③➟♦➺②❝ ♥❛ ❝③➛➧➣ ❣❛✉ss♦✇s❦→ ✭r✉❝❤
❇r♦✇♥❛ ③ ❞r②❢❡♠✮ ✐ ❝③➛➧➣ s❦♦❦♦✇→✳ P②t❛♥✐❡✱ ❝③② t❛❦✐ r♦③❦➟❛❞ ③❛❝❤♦❞③✐ t❛❦➺❡ ❞❧❛ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦
♥❛ ∗✲❜✐❛❧❣❡❜r❛❝❤ ③♦st❛➟♦ ♣♦st❛✇✐♦♥❡ ♣r③❡③ ▼✳ ❙❝❤ür♠❛♥♥❛ ❬❙❝❤✾✵❪✳ ❉③✐➧ ✇✐❡♠② ❥✉➺✱ ➺❡ ♦❞♣♦✇✐❡❞➵
♥❛ ♥✐❡ ❥❡st ♣r③❡❝③→❝❛ ❬❋●❚✶✺❪✱ ❛❧❡ ✇❝✐→➺ ♥✐❡ ✇✐❡♠②✱ ❥❛❦ s❝❤❛r❛❦t❡r②③♦✇❛➣ t❡ ∗✲❜✐❛❧❣❡❜r② ❝③② ❣r✉♣②
❦✇❛♥t♦✇❡✱ ❦tór❡ ♠❛❥→ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ ▼ó❥ ✇❦➟❛❞ ✇ ❜❛❞❛♥✐❡ t❡❣♦ ♣r♦❜❧❡♠✉ ❥❡st
♦♣✐s❛♥② ✇ ♣r❛❝❛❝❤ ❬❍✹❪✱ ❬❍✺❪ ✐ ❬❍✻❪✳

●r✉♣② ❦✇❛♥t♦✇❡ s→ t❛❦➺❡ ♣r③②❦➟❛❞❛♠✐ ♣r③❡str③❡♥✐ ♥✐❡♣r③❡♠✐❡♥♥②❝❤ ✐ ❥❛❦♦ t❛❦✐❡ ❜②➟② ❥✉➺ ✐♥✲
t❡♥s②✇♥✐❡ ❜❛❞❛♥❡ ✭♣❛tr③ ♥♣✳ ❬❈P✵✸❛❪✱ ❬❉▲❙❙❱✵✺❪✮✳ ❏❡❞♥❛❦➺❡ ♥✐❡♣r③❡♠✐❡♥♥❡ ♣r♦❝❡s② ▲é✈②✬❡❣♦
✇♣r♦✇❛❞③❛❥→ ♥♦✇→ ♣❡rs♣❡❦t②✇➛ ✇ ♣❛tr③❡♥✐✉ ♥❛ ❣r✉♣② ❦✇❛♥t♦✇❡ ❥❛❦♦ ♦❜✐❡❦t② ❣❡♦♠tr②❝③♥❡✳ ❲
♣r❛❝❛❝❤ ❬❍✸❪ ✐ ✭❝③➛➧❝✐♦✇♦ t❛❦➺❡✮ ✇ ❬❍✺❪✱ ❜❛❞❛❧✐➧♠② s②♠❡tr✐❡ ♣ó➟❣r✉♣ ▼❛r❦♦✈❛ ③✇✐→③❛♥②❝❤ ③ ♣r♦❝❡✲
s❛♠✐ ▲é✈②✬❡❣♦ ♥❛ ❣r✉♣❛❝❤ ❦✇❛♥t♦✇②❝❤ ✐ ♣♦❦❛③❛❧✐➧♠②✱ ➺❡ t❛❦✐❡ ♣r♦❝❡s② ♠♦❣→ ♣r③❡♥♦s✐➣ ❣❡♦♠❡tr②❝③♥❡
✐♥❢♦r♠❛❝❥❡ ♦ ♣r③❡str③❡♥✐✱ ♥❛ ❦tór❡❥ ✏➺②❥→✑✳

❲ ♣♦③♦st❛➟❡❥ ❝③➛➧❝✐ ❆✉t♦r❡❢❡r❛t✉ ♦♠❛✇✐❛♠ ❞♦❦➟❛❞♥✐❡❥ ✇②♥✐❦✐ ♣r❛❝ ❬❍✶❪✲❬❍✻❪✳ ❲ ♣♦❞r♦③❞③✐❛❧❡
✸✳✸ ♦♠ó✇✐❛♠ ❜❛❞❛♥✐❛ ♣r♦✇❛❞③♦♥❡ ♥❛❞ ❦♦♥str✉❦❝❥→ ❲♦r♦♥♦✇✐❝③❛ ③✇❛rt②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✱ ❜➛❞→❝❡
t❡♠❛t②❦→ ♣r❛❝ ❬❍✶❪ ✐ ❬❍✷❪✳ ❲ ❦♦❧❡❥♥②♠ ♣♦❞r♦③❞③✐❛❧❡ ♦♣✐s✉❥➛ ❜❛❞❛♥✐❛ s②♠❡tr✐✐ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦
③❛✇❛rt❡ ✇ ♣r❛❝❛❝❤ ❬❍✸❪ ♦r❛③ ❬❍✺❪✳ P♦❞r♦③❞③✐❛➟ ✸✳✺ ♣♦➧✇✐➛❝♦♥② ❥❡st ♣r♦❜❧❡♠♦✇✐ ✐st♥✐❡♥✐❛ r♦③❦➟❛❞✉
▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ♥❛ ③✇❛rt②❝❤ ❣r✉♣❛❝❤ ❦✇❛♥t♦✇②❝❤ ✭♣r❛❝❡ ❬❍✹❪✲❬❍✻❪✮✳ ❲ ♣♦❞r♦③❞③✐❛❧❡ ✸✳✻ ♦♠❛✇✲
✐❛♠ ③✇✐→③❦✐ ♠✐➛❞③② ♣r♦❝❡s❛♠✐ ▲é✈②✬❡❣♦ ❛ ❣r✉♣❛♠✐ ❦♦❤♦♠♦❧♦❣✐✐ ❍♦❝❤s❝❤✐❧❞❛ ✐ ✇②♥✐❦✐ ✉③②s❦❛♥❡ ✇
♣r❛❝② ❬❍✻❪✳ ❉❧❛ ✇②❣♦❞② ❈③②t❡❧♥✐❦❛✱ ✇ ♣♦❞r♦③❞③✐❛❧❡ ✸✳✷ ③❡❜r❛➟❛♠ ♥❛❥✇❛➺♥✐❡❥s③❡ ❢❛❦t② ❞♦t②❝③→❝❡
③✇❛rt②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ ♦r❛③ ♦♠ó✇✐➟❛♠ ♣r③②❦➟❛❞② ♣♦❥❛✇✐❛❥→❝❡ s✐➛ ✇ ❞❛❧s③❡❥ ❝③➛➧❝✐ ❛✉t♦r❡❢❡r❛t✉
✕ s➟✉➺② t♦ ♣r③❡❞❡ ✇s③②st❦✐♠ ✉st❛❧❡♥✐✉ ♦③♥❛❝③❡➠✳ P♦♥❛❞t♦ ✇ ❦❛➺❞②♠ ③ ♣♦❞r♦③❞③✐❛➟ó✇ ♦♠ó✇✐❡♥✐❡
♠♦✐❝❤ ✇②♥✐❦ó✇ ♣♦♣r③❡❞③♦♥❡ ❥❡st ✇♣r♦✇❛❞③❡♥✐❡♠ ♥✐❡③❜➛❞♥②❝❤ ❞❡✜♥✐❝❥✐ ✐ ❢❛❦tó✇ ✇➟❛➧❝✐✇②❝❤ ❞❧❛
t❡❣♦ ❢r❛❣♠❡♥t✉✳ ❲ ③✇✐→③❦✉ ③ ♥✐❡❥❡❞♥♦❧✐t②♠ s②st❡♠❡♠ ♦③♥❛❝③❡➠ st♦s♦✇❛♥②❝❤ ✇ ♣r❛❝❛❝❤ ❬❍✶❪✲❬❍✻❪✱
♥✐❡❦tór❡ ♦③♥❛❝③❡♥✐❛ ✇ ♥✐♥✐❡❥s③②♠ t❡❦➧❝✐❡ ró➺♥✐→ s✐➛ ♦❞ ♦③♥❛❝③❡➠ ③ ♣r❛❝ ♦r②❣✐♥❛❧♥②❝❤✳

✹



✸✳✷ ❉❡✜♥✐❝❥❛ ✐ ♣r③②❦➟❛❞② ③✇❛rt②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤

■st♥✐❡❥→ ró➺♥❡ ✭♥✐❡ ③❛✇s③❡ ró✇♥♦✇❛➺♥❡✮ ❞❡✜♥✐❝❥❡ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✳ ❉❡✜♥✐❝❥→ ❜❛③♦✇→ ❞❧❛ ♠♦✐❝❤
❜❛❞❛➠ ❥❡st t❛ s❢♦r♠✉➟♦✇❛♥❛ ♣r③❡③ ❙✳▲✳ ❲♦r♦♥♦✇✐❝③❛ ❬❲✾✽❪✳

❉❡❢✐♥✐❝❥❛ ✸✳✶✳ P❛r➛ G = (A,∆)✱ ③➟♦➺♦♥→ ③ C∗✲❛❧❣❡❜r② ③ ❥❡❞②♥❦→ A ✐ ③❛❝❤♦✇✉❥→❝❡❣♦ ❥❡❞②♥❦➛ ∗✲
❤♦♠♦♠♦r✜③♠✉ ∆ : A → A⊗ A✱ ♥❛③②✇❛♠② ③✇❛rt→ ❣r✉♣→ ❦✇❛♥t♦✇→✱ ❥❡➧❧✐ ∆ ❥❡st ❦♦➟→❝③♥❡✿

(id⊗∆) ◦∆ = (∆⊗ id) ◦∆,

♦r❛③ ❥❡➧❧✐ ③❛❝❤♦❞③✐ ❦✇❛♥t♦✇❡ ♣r❛✇♦ s❦r❛❝❛♥✐❛✿

Lin{∆(a)(1⊗ b) : a, b ∈ A} = Lin{∆(a)(b⊗ 1) : a, b ∈ A} = A⊗ A.

❲ ♣♦✇②➺s③❡❥ ❞❡✜♥✐❝❥✐ ⊗ ♦③♥❛❝③❛ ♠✐♥✐♠❛❧♥② ✐❧♦❝③②♥ t❡♥s♦r♦✇② ❈∗✲❛❧❣❡❜r✱ ❛ LinF ✕ ❞♦♠❦♥✐➛❝✐❡
③❜✐♦r✉ ❦♦♠❜✐♥❛❝❥✐ ❧✐♥✐♦✇②❝❤ ❡❧❡♠❡♥tó✇ ③ F ✳ ❩✇②❝③❛❥♦✇♦ ∆ ♥❛③②✇❛ s✐➛ ❦♦♠♥♦➺❡♥✐❡♠ ♦r❛③ ♣✐s③❡ s✐➛
A = C(G)✳

▼❛❝✐❡r③ ✉♥✐t❛r♥→ u = (ujk)
n
j,k=1 ∈Mn(C(G)) ♥❛③②✇❛♠② ✭s❦♦➠❝③❡♥✐❡ ✇②♠✐❛r♦✇→✮ r❡♣r❡③❡♥t❛❝❥→

✉♥✐t❛r♥→ ❣r✉♣② G✱ ❥❡➧❧✐

∆(ujk) =
n
∑

p=1

ujp ⊗ upk, j, k = 1, . . . , n; ✭✶✮

❡❧❡♠❡♥t② ujk ♥❛③②✇❛♥❡ s→ ✇s♣ó➟❝③②♥♥✐❦❛♠✐ u✳ ❘♦③♣✐➛❝✐❡ ❧✐♥✐♦✇❡ ✇s③②st❦✐❝❤ ✇s♣ó➟❝③②♥♥✐❦ó✇ s❦♦➠❝③❡✲
♥✐❡ ✇②♠✐❛r♦✇②❝❤ r❡♣r❡③❡♥t❛❝❥✐ ✉♥✐t❛r♥②❝❤ G ❥❡st ❣➛st→ ∗✲♣♦❞❛❧❣❡❜r→ ③ ❥❡❞②♥❦→ ❛❧❣❡❜r② ❈(G)✱ ③✇②❦❧❡
♦③♥❛❝③❛♥→ Pol(G)✱ ❦tór❛ ♦❦❛③✉❥❡ s✐➛ ♣♦s✐❛❞❛➣ str✉❦t✉r➛ ∗✲❛❧❣❡❜r② ❍♦♣❢❛✳ ❑♦♠♥♦➺❡♥✐❡ ✇ Pol(G) ❥❡st
❞③✐❡❞③✐❝③♦♥❡ ③ C(G)✱ ❛ ❦♦❥❡❞②♥❦❛ ε ✐ ❦♦♦❞✇r♦t♥♦➧➣ S s→ ③❞❡✜♥✐♦✇❛♥❡ ♣r③❡③

ε(ujk) = δjk, S(ujk) = (u−1)jk. ✭✷✮

❲ s③❝③❡❣ó❧♥♦➧❝✐✱ ❦❛➺❞❛ ③✇❛rt❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ ✐♥❞✉❦✉❥❡ ∗✲❜✐❛❧❣❡❜r➛ (Pol(G),∆, ε)✳
◆❛ ❦❛➺❞❡❥ ③✇❛rt❡❥ ❣r✉♣✐❡ ❦✇❛♥t♦✇❡❥ G ✐st♥✐❡❥❡ ❥❡❞②♥② ♥✐❡③♠✐❡♥♥✐❝③② st❛♥ h✱ ③✇❛♥② st❛♥❡♠

❍❛❛r❛✳ ❙t❛♥ h s♣❡➟♥✐❛ ✇❛r✉♥❡❦ ❑▼❙ ❬❇❘✾✼✱ ❉❡✜♥✐t✐♦♥ ✺✳✸✳✶❪✱ t③♥✳ ✐st♥✐❡❥❡ t❛❦❛ ❣r✉♣❛ ❛✉t♦♠♦r✲
✜③♠ó✇ ♠♦❞✉❧❛r♥②❝❤ (σt)t∈R ✐ ❥❡❥ r♦③s③❡r③❡♥✐❡ ❛♥❛❧✐t②❝③♥❡ (σz)z∈C✱ ➺❡ ③❛❝❤♦❞③✐ ✇❛r✉♥❡❦

h(ab) = h(bσ−i(a)), a, b ∈ A. ✭✸✮

❆✉t♦♠♦r✜③♠② ♠♦❞✉❧❛r♥❡ (σz)z∈C ♣♦✇st❛❥→ ③ t③✇✳ ❝❤❛r❛❦t❡ró✇ ❲♦r♦♥♦✇✐❝③❛ (fz)z∈C✱ ❬❲✾✽✱ ❚❤❡♦✲
r❡♠ ✶✳✹❪✳ ❈❤❛r❛❦t❡r②❲♦r♦♥♦✇✐❝③❛ s➟✉➺→ t❡➺ ❞♦ ③❞❡✜♥✐♦✇❛♥✐❛ ❞r✉❣✐❡❥ ❣r✉♣②✱ t②♠ r❛③❡♠ ∗✲❛✉t♦♠♦r✜③♠ó✇✱
t③✇✳ ❛✉t♦♠♦r✜③♠ó✇ s❦❛❧✉❥→❝②❝❤ ✭❛♥❣✳ s❝❛❧✐♥❣ ❛✉t♦♠♦r♣❤✐s♠s✮ (τt)t∈R✱ ♣♦s✐❛❞❛❥→❝❡❥ r♦③s③❡r③❡♥✐❡
❛♥❛❧✐t②❝③♥❡ ❞♦ (τz)z∈C✳ ❆✉t♦♠♦r✜③♠② s❦❛❧✉❥→❝❡ ♣♦③✇❛❧❛❥→ ✇②❞③✐❡❧✐➣ ③ ❦♦♦❞✇r♦t♥♦➧❝✐ S ❝③➛➧➣ ✉♥✐✲
t❛r♥→✱ t③✇✳ ❦♦♦❞✇r♦t♥♦➧➣ ✉♥✐t❛r♥→ R✿ S = R ◦ τi/2 ✭✇✐➛❝❡❥ s③❝③❡❣ó➟ó✇ ✇ ❬❲✾✽✱ ❚❤❡♦r❡♠ ✶✳✻❪ ✇r❛③ ③
❞♦✇♦❞❡♠✮✳ ❏❡➧❧✐ st❛♥ ❍❛❛r❛ ❥❡st ➧❧❛❞❡♠ ✭❝♦ ❥❡st ró✇♥♦✇❛➺♥❡ ③ ❢❛❦t❡♠✱ ➺❡ S2 = idPol(G)✮✱ t♦ ❣r✉♣➛
❦✇❛♥t♦✇→ G ♥❛③②✇❛♠② t②♣✉ ❑❛❝❛✳

Pr③②❦➟❛❞❛♠✐ ③✇❛rt②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ s→ ❈∗✲❛❧❣❡❜r② ❢✉♥❦❝❥✐ ❝✐❛❣➟②❝❤ ♥❛ ❣r✉♣❛❝❤ ③✇❛rt②❝❤
C(G)✳ ❈♦ ✇✐➛❝❡❥✱ ❲♦r♦♥♦✇✐❝③ ✇ ❬❲✽✼❜❪ ♣♦❦❛③❛➟✱ ➺❡ ❞♦✇♦❧♥❛ ♣r③❡♠✐❡♥♥❛ ③✇❛rt❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛
✭❝③②❧✐ G ③ ♣r③❡♠✐❡♥♥→ ❛❧❣❡❜r→ A✮ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ❈∗✲❛❧❣❡❜r→ ❢✉♥❦❝❥✐ ❝✐→❣➟②❝❤ ♥❛ ♣❡✇♥❡❥ ❣r✉♣✐❡
③✇❛rt❡❥✳ ❩ ❞r✉❣✐❡❥ str♦♥②✱ ❞♦✇♦❧♥❛ ❦♦♣r③❡♠✐❡♥♥❛ ③✇❛rt❛ ♠❛❝✐❡r③♦✇❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ ✭❝③②❧✐ G

✺



t❛❦❛✱ ➺❡ σ ◦ ∆ = ∆✱ ❣❞③✐❡ σ(a ⊗ b) = b ⊗ a✮ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ❈∗✲❛❧❣❡❜r→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③
♦♣❡r❛t♦r② ♣♦st❛❝✐ U(γj)✱ ❞❧❛ j = 1, 2, . . . ,m✱ ❣❞③✐❡ U : Γ → B(H) ❥❡st ✉♥✐t❛r♥→ ✇✐❡r♥→ r❡♣r❡③❡♥t❛❝❥→
s❦♦➠❝③❡♥✐❡ ❣❡♥❡r♦✇❛♥❡❥ ❣r✉♣② ❞②s❦r❡t♥❡❥ Γ ♥❛ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ H✱ t❛❦→✱ ➺❡ U⊗U ❥❡st ③❛✇❛rt❡ ✇
✇✐❡❧♦❦r♦t♥♦➧❝✐ U ✱ ❛ {γ1, . . . , γm} ❥❡st ③❜✐♦r❡♠ ❣❡♥❡r❛t♦ró✇ Γ✳ ❚❛❦✐❡ ❣r✉♣② ❦✇❛♥t♦✇❡ ❞♦st❛❥❡♠② ✇
s③❝③❡❣ó❧♥♦➧❝✐ ③ ❈∗✲❛❧❣❡❜r② ③❜✉❞♦✇❛♥❡❥ ✇③❣❧➛❞❡♠ r❡♣r❡③❡♥t❛❝❥✐ r❡❣✉❧❛r♥❡❥ C∗

r (Γ) ♦r❛③ r❡♣r❡③❡♥t❛❝❥✐
✉♥✐✇❡rs❛❧♥❡❥ C∗

u(Γ)✳
✶

P♦✇②➺s③❡ r♦❞③✐♥② ♣r③②❦➟❛❞ó✇✱ ❝③②❧✐ ❣r✉♣② ❦✇❛♥t♦✇❡ ♣r③❡♠✐❡♥♥❡ ❧✉❜ ❦♦♣r③❡♠✐❡♥♥❡✱ ♣♦❝❤♦❞③→
③❡ ➧✇✐❛t❛ ❦❧❛s②❝③♥②❝❤ ❣r✉♣✱ ❞❧❛t❡❣♦ ✇ ♦❞♥✐❡s✐❡♥✐✉ ❞♦ ♥✐❝❤ ❜➛❞➛ st♦s♦✇❛➟❛ ♣r③②♠✐♦t♥✐❦ tr②✇✐❛❧♥❡✳
P♦③♦st❛➟❡ ❣r✉♣②✱ ❝③②❧✐ t❛❦✐❡ ♥✐❡ ♣♦❝❤♦❞③→❝❡ ♦❞ ➺❛❞♥❡❥ ③ ❣r✉♣ ❦❧❛s②❝③♥②❝❤✱ ❜➛❞➛ ♥❛③②✇❛➟❛ ♥✐❡tr②✇✐❛❧✲
♥②♠✐✳ P♦❞❦r❡➧❧❛♠✱ ➺❡ ❥❡st t♦ t②❧❦♦ ✇②❣♦❞♥❛ ✇ ✉➺②❝✐✉ ♥❛③✇❛✱ ❛ ♥✐❡ ✉③♥❛♥✐❡ ♣♦③♦st❛➟②❝❤ ♣r③②♣❛❞❦ó✇
③❛ ♥✐❡✐♥t❡r❡s✉❥→❝❡✳

❙③❝③❡❣ó❧♥→ ❦❧❛s→ ③✇❛rt②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ s→ ③✇❛rt❡ ♠❛❝✐❡r③♦✇❡ ❣r✉♣② ❦✇❛♥t♦✇❡ ✭❬❲✽✼❜❪✱
t❛❦➺❡ ❬✈❉❲✾✻❪✮✱ ❦tór❡ ♦tr③②♠✉❥❡ s✐➛ ♣r③② ❞♦❞❛t❦♦✇②♠ ③❛➟♦➺❡♥✐✉ ✐st♥✐❡♥✐❛ t❛❦✐❡❥ s❦♦➠❝③❡♥✐❡ ✇②♠✐✲
❛r♦✇❡❥ r❡♣r❡③❡♥t❛❝❥✐ ✉♥✐t❛r♥❡❥ u ❣r✉♣② G✱ ➺❡ ❥❡❥ ✇s♣ó➟❝③②♥♥✐❦✐ ujk✱ j, k = 1, . . . , n✱ ❣❡♥❡r✉❥→ A ❥❛❦♦
❈∗✲❛❧❣❡❜r➛✳ ❲ó✇❝③❛s ❦♦♠♥♦➺❡♥✐❡ ❥❡st ❥❡❞♥♦③♥❛❝③♥✐❡ ③❞❡✜♥✐♦✇❛♥❡ ✇③♦r❡♠ ✭✶✮✳ ❲ t❛❦✐❡❥ s②t✉❛❝❥✐
③✇②❦❧❡ ♣✐s③❡♠② G = (A, u)✱ ❛ u ♥❛③②✇❛♠② r❡♣r❡③❡♥t❛❝❥→ ❢✉♥❞❛♠❡♥t❛❧♥→✳ ❲ó✇❝③❛s t❡➺ Pol(G) ❥❡st
❣❡♥❡r♦✇❛♥❛ ✭❥❛❦♦ ∗✲❛❧❣❡❜r❛✮ ♣r③❡③ ✇s♣ó➟❝③②♥♥✐❦✐ ♠❛❝✐❡r③② u✳ ❉❧❛ ♠❛❝✐❡r③② u = (ujk)

n
j,k=1 ∈Mn(A)✱

❞❡✜♥✐✉❥❡♠② ♠❛❝✐❡r③ tr❛♥s♣♦♥♦✇❛♥→ ut ♦r❛③ ♠❛❝✐❡r③ ♦ ✇②r❛③❛❝❤ s♣r③➛➺♦♥②❝❤ ū✿

ut := (ukj)
n
j,k=1, ū := (u∗jk)

n
j,k=1. ✭✹✮

❑✐❧❦❛ ③✇❛rt②❝❤ ✭♠❛❝✐❡r③♦✇②❝❤✮ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ ✇❛➺♥②❝❤ ❞❧❛ ❞❛❧s③❡❥ ❝③➛➧❝✐ ♦♣✐s✉ ♣r❡③❡♥t✉❥➛
♣♦♥✐➺❡❥✳

Pr③②❦➟❛❞ ✸✳✷ ✭❲♦❧♥❛ ❣r✉♣❛ ♣❡r♠✉t❛❝❥✐✮✳ ◆✐❡❝❤ n ∈ N ✐ ♥✐❡❝❤ C(S+
n ) ♦③♥❛❝③❛ ✉♥✐✇❡rs❛❧♥→ C∗✲

❛❧❣❡❜r➛ ③ ❥❡❞②♥❦→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ r♦❞③✐♥➛ ♣r♦❥❡❦❝❥✐ ♦rt♦❣♦♥❛❧♥②❝❤ {pjk; j, k = 1, . . . , n}✱ s♣❡➟♥✐❛✲
❥→❝②❝❤ ✇❛r✉♥❦✐

n
∑

j=1

pjk =
n
∑

k=1

pkj = 1, j = 1, . . . , n.

❲ó✇❝③❛s S+
n = (C(S+

n ), p)✱ p = (pjk)
n
j,k=1✱ ❥❡st ③✇❛rt→ ♠❛❝✐❡r③♦✇→ ❣r✉♣❛ ❦✇❛♥t♦✇→✱ ③✇❛♥→ ✇♦❧♥→

❣r✉♣→ ♣❡r♠✉t❛❝❥✐ n ❡❧❡♠❡♥tó✇✳
❉❡✜♥✐❝❥❛ S+

n ♣♦❝❤♦❞③✐ ♦❞ ❙✳ ❲❛♥❣❛ ❬❲❛♥✾✽❪✳ ❏❡➧❧✐ ♣♦❞③✐❡❧✐♠② S+
n ♣r③❡③ ∗✲✐❞❡❛➟ ❣❡♥❡r♦✇❛♥② ♣r③❡③

❦♦♠✉t❛t♦r② ✭❝③②❧✐ ③❛➟♦➺②♠②✱ ➺❡ ✇s③②st❦✐❡ ❡❧❡♠❡♥t② s→ ♣r③❡♠✐❡♥♥❡✮✱ t♦ ♦tr③②♠❛♠② ❈∗✲❛❧❣❡❜r➛ ❢✉♥❦❝❥✐
❝✐→❣➟②❝❤ ♥❛ ✭❦❧❛s②❝③♥❡❥✮ ❣r✉♣✐❡ ♣❡r♠✉t❛❝❥✐ Sn✳ ❲ t②♠ s❡♥s✐❡ S+

n ❥❡st ❦✇❛♥t♦✇②♠ ♦❞♣♦✇✐❡❞♥✐❦✐❡♠
Sn✳

●r✉♣❛ S+
n ❥❡st st♦s✉♥❦♦✇♦ ❞♦❜r③❡ ③❜❛❞❛♥❛ ✭✇✐➛❝❡❥ ♦ ♥✐❡❥ ♠♦➺♥❛ ③♥❛❧❡➵➣ ♥♣✳ ✇ ♣r❛❝❛❝❤ ❬❇❇❈✵✼❪✱

❬❇❛♥✶✷❪ ❝③② ❬❙❦❛✶✹❪✮✳ ❲ s③❝③❡❣ó❧♥♦➧❝✐✱ S+
n ❥❡st t②♣✉ ❑❛❝❛ ✭S2 = id✮✳ ❉❧❛ n = 1, 2, 3✱ ♠❛♠②

C(S+
n ) = C(Sn)✱ ❝③②❧✐ ❛❧❣❡❜r❛ ✇♦❧♥❡❥ ❣r✉♣② ♣❡r♠✉t❛❝❥✐ ❥❡st ♣r③❡♠✐❡♥♥❛✳ ❉❧❛ n ≥ 4✱ C(S+

n ) ❥❡st
♥✐❡♣r③❡♠✐❡♥♥❛ ✐ ♥✐❡s❦♦➠❝③❡♥✐❡ ✇②♠✐❛r♦✇❛✳ ❉❧❛ n = 4✱ S+

4 ♠♦➺❡ ❜②➣ ♣r③❡❞st❛✇✐♦♥❛ ❥❛❦♦ ❞❡❢♦r♠❛❝❥❛
❦❧❛s②❝③♥❡❥ ❣r✉♣② SO(3) ❣r♦✉♣✱ ♣❛tr③ ❬❇❇✵✾❪✳ ❉❧❛ n ≥ 5✱ C∗✲❛❧❣❡❜r❛ C(S+

n ) ♥✐❡ ❥❡st t②♣✉ ■✳
✶◆✐❡ ❥❡st ➟❛t✇♦ ③♥❛❧❡➵➣ ♣r③②❦➟❛❞② ❣r✉♣ ❦✇❛♥t♦✇②❝❤ t❡❣♦ t②♣✉ ♥✐❡ ♣♦❝❤♦❞③→❝②❝❤ ❛♥✐ ♦❞ r❡♣r❡③❡♥t❛❝❥✐ ✉♥✐✇❡rs❛❧♥❡❥✱

❛♥✐ ♦❞ r❡❣✉❧❛r♥❡❥✳ ❏❡❞♥→ ③ t❛❦✐❝❤ ✬❡❣③♦t②❝③♥②❝❤✬ r❡♣r❡③❡♥t❛❝❥✐ ♦♣✐s✉❥❡ ♣r❛❝❛ ❬✸❪✳

✻



Pr③②❦➟❛❞ ✸✳✸ ✭❯♥✐✇❡rs❛❧♥❡ ❣r✉♣② ❦✇❛♥t♦✇❡✮✳ ❉❧❛ n ∈ N ✐ ♠❛❝✐❡r③② ♦❞✇r❛❝❛❧♥❡❥ F ∈ GLn(C)
❞❡✜♥✐✉❥❡♠② C(U+

F ) ❥❛❦♦ ✉♥✐✇❡rs❛❧♥→ ❈∗✲❛❧❣❡❜r➛ ③ ❥❡❞②♥❦→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ n2 t❛❦✐❝❤ ❡❧❡♠❡♥tó✇ ujk
✭j, k = 1, 2, . . . , n✮✱ ➺❡ ♠❛❝✐❡r③ u := (ujk)

n
j,k=1 ❥❡st ✉♥✐t❛r♥❛✱ ❛ ❥❡❥ ♠❛❝✐❡r③ ♦ ✇②r❛③❛❝❤ s♣r③➛➺♦♥②❝❤✱

ū✱ ❥❡st ♣♦❞♦❜♥❛ ❞♦ ♠❛❝✐❡r③② ✉♥✐t❛r♥❡❥ ③ ❞♦❦❧❛❞♥♦➧❝✐→ ❞♦ F ✳ ❖③♥❛❝③❛ t♦✱ ➺❡ ✇ ❛❧❣❡❜r③❡ C(U+
F )

s♣❡➟♥✐♦♥❡ s→ ✭t❡ ✐ t②❧❦♦ t❡✮ r❡❧❛❝❥❡

uu∗ = I = u∗u, F ūF−1(FūF−1)∗ = I = (FūF−1)∗FūF−1. ✭✺✮

❯♥✐✇❡rs❛❧♥→ ✉♥✐t❛r♥→ ❣r✉♣→ ❦✇❛♥t♦✇→ ✭✇②♠✐❛r✉ n ③✇✐→③❛♥→ ③ ♠❛❝✐❡r③→ F ✮ ♥❛③②✇❛♠② ③✇❛rt→
♠❛❝✐❡r③♦✇→ ❣r✉♣➛ ❦✇❛♥t♦✇→ U+

F = (C(U+
F ), u)✳

❲ ♣♦❞♦❜♥② s♣♦só❜✱ ❞❧❛ F ∈ GLn(C) t❛❦✐❡❥✱ ➺❡ FF̄ ∈ R · I✱ ♠♦➺♥❛ ③❞❡✜♥✐♦✇❛➣ ♦rt♦❣♦♥❛❧♥→

✉♥✐✇❡rs❛❧♥→ ❣r✉♣➛ ❦✇❛♥t♦✇→ O+
F = (C(O+

F ), v) ✇②♠✐❛r✉ n ∈ N ③✇✐→③❛♥→ ③ ♠❛❝✐❡r③→ F ✳ ❲ó✇❝③❛s
C(O+

F ) ❥❡st ✉♥✐✇❡rs❛❧♥→ ❈∗✲❛❧❣❡❜r→ ③ ❥❡❞②♥❦→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ n2 t❛❦✐❝❤ ❡❧❡♠❡♥tó✇ vjk ✭j, k =
1, 2, . . . , n✮✱ ➺❡ ♠❛❝✐❡r③ v := (vjk)

n
j,k=1 ❥❡st ✉♥✐t❛r♥❛ ♦r❛③ v̄ = F−1vF ✳ ❾❛t✇♦ s♣r❛✇❞③✐➣✱ ➺❡ O+

F ❥❡st

♣♦❞❣r✉♣→ ❦✇❛♥t♦✇→ U+
F ✱ ✇ ❦tór❡❥ ❛❧❣❡❜r➛ C(U+

F ) ♥❛❧❡➺② ♣♦❞③✐❡❧✐➣ ♣r③❡③ ✭✐❞❡❛➟ ❣❡♥❡r♦✇❛♥② ♣r③❡③✮
❞♦❞❛t❦♦✇→ r❡❧❛❝❥➛ uF = Fū✳

P♦✇②➺s③❡ ❞❡✜♥✐❝❥❡ ③♦st❛➟② ✇♣r♦✇❛❞③♦♥❡ ♣r③❡③ ❆✳ ✈❛♥ ❉❛❡❧❡ ✐ ❙✳ ❲❛♥❣❛ ❬✈❉❲✾✻❪ ✐ ♣r③❡❢♦r✲
♠✉➟♦✇❛♥❡ ❞♦ ♣♦✇②➺s③❡❥ ♣♦st❛❝✐ ♣r③❡③ ❚✳ ❇❛♥✐❝➛ ❬❇❛♥✾✼❪✳ ❲ s③❝③❡❣ó❧♥②♠ ♣r③②♣❛❞❦✉✱ ❣❞② F =
I✱ ♠ó✇✐♠② ♦ ✇♦❧♥❡❥ ✉♥✐t❛r♥❡❥✱ ♦❞♣♦✇✐❡❞♥✐♦ ✕ ♦rt♦❣♦♥❛❧♥❡❥✱ ❣r✉♣✐❡ ❦✇❛♥t♦✇❡❥ ✐ ♦③♥❛❝③❛♠② U+

n ✱
♦❞♣✳ O+

n ✳ ❏❡➧❧✐ F = F ′U ❞❧❛ ♣❡✇♥❡❥ ♠❛❝✐❡r③② ✉♥✐t❛r♥❡❥ U ✱ t♦ ❣r✉♣② U+
F ✐ U+

F ′ s→ ✐③♦♠♦r✜❝③♥❡✳
P♦❞♦❜♥✐❡✱ ❥❡➧❧✐ F ′ = UFU t ❞❧❛ ♣❡✇♥❡❥ ♠❛❝✐❡r③② ✉♥✐t❛r♥❡❥ U ✐ F ′F ′ ∈ R · I✱ ❣r✉♣② O+

F ✐ O+
F ′ s→

✐③♦♠♦r✜❝③♥❡✳ ❯♥✐✇❡rs❛❧♥♦➧➣ r♦❞③✐♥② {U+
F ;F ∈ Mn(C), n ∈ N} ♣♦❧❡❣❛ ♥❛ t②♠✱ ➺❡ ❞♦✇♦❧♥❛ ✐♥♥❛

③✇❛rt❛ ♠❛❝✐❡r③♦✇❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ ❥❡st ♣♦❞❣r✉♣→ ❦✇❛♥t♦✇→ ♣❡✇♥❡❥ U+
F ✭❞♦✇ó❞ t❡❣♦ ❢❛❦t✉ ♦r❛③

♦❞♣♦✇✐❡❞♥✐❡ s❢♦r♠✉➟♦✇❛♥✐❡ ✉♥✐✇❡rs❛❧♥♦➧❝✐ ❞❧❛ r♦❞③✐♥② ♦rt♦❣♦♥❛❧♥❡❥ ♠♦➺♥❛ ③♥❛❧❡➵➣ ✇ ❬❇❛♥✾✼❪ ✐ ✇
❬❚✐♠✵✽❪✮✳

Pr③②❦➟❛❞ ✸✳✹ ✭●r✉♣❛ ❦✇❛♥t♦✇❛ SUq(n)✮✳ ◆✐❡❝❤ n ∈ N ✐ q ∈ (0, 1)✳ ❆❧❣❡❜r❛ C(SUq(n)) ❥❡st
③❞❡✜♥✐♦✇❛♥❛ ❥❛❦♦ ✉♥✐✇❡rs❛❧♥❛ ❈∗✲❛❧❣❡❜r❛ ③ ❥❡❞②♥❦→✱ ❣❡♥❡r♦✇❛♥❛ ♣r③❡③ ✇s♣ó➟r③➛❞♥❡ ♠❛❝✐❡r③② u =
(ujk)

n
j,k=1 s♣❡➟♥✐❛❥→❝❡ ✇❛r✉♥❡❦ ✉♥✐t❛r♥♦➧❝✐ uu∗ = u∗u = I ✐ ✇❛r✉♥❡❦ s❦r➛❝♦♥❡❣♦ ✇②③♥❛❝③♥✐❦❛

∑

σ∈Sn

(−q)i(σ)uσ(1),τ(1)uσ(2),τ(2) . . . uσ(n),τ(n) = (−q)i(τ) · 1, τ ∈ Sn, ✭✻✮

❣❞③✐❡ Sn ♦③♥❛❝③❛ ❣r✉♣➛ ♣❡r♠✉t❛❝❥✐ ③❜✐♦r✉ {1, 2, . . . , n}✱ ❛ i(τ) ♦③♥❛❝③❛ ❧✐❝③❜➛ ✐♥✇❡rs❥✐ ✇ ♣❡r♠✉t❛❝❥✐
τ ✳ P❛r❛ SUq(n) =

(

C(SUq(n)), u
)

❥❡st ③✇❛rt→ ♠❛❝✐❡r③♦✇→ ❣r✉♣→ ❦✇❛♥t♦✇→ ✭♣❛tr③ ❬❲✽✽❪✮✳
Pr③②♣❛❞❡❦ s♣❡❝❥❛❧♥②✱ ❣r✉♣❛ SUq(2)✱ ③❞❡✜♥✐♦✇❛♥❛ ♣r③❡③ ❙✳▲✳ ❲♦r♦♥♦✇✐❝③❛ ✇ ❬❲✽✼❜❪✱ ❥❡st ❤✐st♦✲

r②❝③♥✐❡ ♣✐❡r✇s③②♠✱ ❛ ♣r❛✇❞♦♣♦❞♦❜♥✐❡ t❛❦➺❡ ♥❛❥❜❛r❞③✐❡❥ ③♥❛♥②♠ ✐ ♥❛❥❧❡♣✐❡❥ ③❜❛❞❛♥②♠ ♣r③②❦➟❛❞❡♠
③✇❛rt❡❥ ❣r✉♣② ❦✇❛♥t♦✇❡❥✳ ❏❡❥ ❛❧❣❡❜r❛ C(SUq(2) ❥❡st ❣❡♥❡r♦✇❛♥❛ ♣r③❡③ ❞✇❛ ❡❧❡♠❡♥t②✱ ③✇②❦❧❡ ♦③✲
♥❛❝③❛♥❡ α ✐ γ✱ ❦tór❡ s♣❡➟♥✐❛❥→ r❡❧❛❝❥❡

α∗α+ γ∗γ = 1, αα∗ + q2γγ∗ = 1,

γ∗γ = γγ∗, αγ = qγα, αγ∗ = qγ∗α.

❲✐❛❞♦♠♦ ❬✈❉✾✸✱ ▲❡♠♠❛ ✹✳✼❪✱ ➺❡ SUq(n) ❥❡st ♣♦❞❣r✉♣→ ❦✇❛♥t♦✇→ U+
F ❞❧❛ F = (qj−nδjk)

n
j,k=1✳

✼



✸✳✸ ❩✇❛rt❡ ❣r✉♣② ❦✇❛♥t♦✇❡ ♣♦❝❤♦❞③→❝❡ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛

❑♦♥str✉❦❝❥❛ ♣♦❞❛♥❛ ♣r③❡③ ❙✳▲✳ ❲♦r♦♥♦✇✐❝③❛ ✇ ♣r❛❝② ❬❲✽✽❪ ♦♣✐s✉❥❡ ❡❧❡❣❛♥❝❦→ ♠❡t♦❞➛ t✇♦r③❡♥✐❛
③✇❛rt②❝❤ ♠❛❝✐❡r③♦✇②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ ♣♦♣r③❡③ ③❛❞❛♥✐❡ ♦❞♣♦✇✐❡❞♥✐❡❥ ❢✉♥❦❝❥✐ ♥❛ ③❜✐♦r③❡ ❝✐→❣ó✇
n✲❡❧❡♠❡♥t♦✇②❝❤✳ ❩❣♦❞♥✐❡ ③ t→ ♠❡t♦❞→ ✉♥✐✇❡rs❛❧♥❛ ❈∗✲❛❧❣❡❜r❛ ③ ❥❡❞②♥❦→ ❣❡♥❡r♦✇❛♥❛ ♣r③❡③ ♠❛❝✐❡r③
n×n✱ s♣❡➟♥✐❛❥→❝→ ✇❛r✉♥❡❦ ✉♥✐t❛r♥♦➧❝✐ ✭❯✮ ♦r❛③ ③♠♦❞②✜❦♦✇❛♥② ✇❛r✉♥❡❦ ✇②③♥❛❝③♥✐❦❛ ✭❚❉✮✱ ♣♦s✐❛❞❛
str✉❦t✉r➛ t❛❦✐❡❥ ❣r✉♣② ❦✇❛♥t♦✇❡❥✳ ▼♦❞②✜❦❛❝❥❛ ✇❛r✉♥❦✉ ✭❚❉✮ ♣♦❧❡❣❛ ♥❛ ✇②❜r❛♥✐✉ nn st❛➟②❝❤
③❡s♣♦❧♦♥②❝❤ E = (Ei1,...,in)

n
i1,...,in=1✱ t✇♦r③→❝②❝❤ ✬♥✐❡③❞❡❣❡♥❡r♦✇❛♥→ t❛❜❧✐❝➛ ❧✐❝③❜✬✳

❉♦❦➟❛❞♥✐❡❥✱ ❞❧❛ ✉st❛❧♦♥❡❣♦ n ∈ N r♦③♣❛tr✉❥❡♠② ❢✉♥❦❝❥➛ E : {1, 2, . . . , n}n → C✳ ▼ó✇✐♠②✱ ➺❡ E
❥❡st ♥✐❡③❞❡❣❡♥❡r♦✇❛♥❛ ❧❡✇♦str♦♥♥✐❡✱ ❥❡➧❧✐ ❢✉♥❦❝❥❡ E1−, . . . , En− s→ ❧✐♥✐♦✇♦ ♥✐❡③❛❧❡➺♥❡✱ ♣r③② ♦③♥❛❝③❡✲
♥✐✉ Ek− = [Ek,i2,...,in ]

n
i2,...,in=1✳ P♦❞♦❜♥✐❡✱ ♠ó✇✐♠②✱ ➺❡ E ❥❡st ♥✐❡③❞❡❣❡♥❡r♦✇❛♥❛ ♣r❛✇♦str♦♥♥✐❡✱ ❥❡➧❧✐

❢✉♥❦❝❥❡ E−1, . . . , E−n s→ ❧✐♥✐♦✇♦ ♥✐❡③❛❧❡➺♥❡✱ ❣❞③✐❡ E−k = [Ei1,...,in−1,k]
n
i1,...,in−1=1✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✺ ✭❑♦♥str✉❦❝❥❛ ❲♦r♦♥♦✇✐❝③❛✱ ❬❲✽✽✱ ❚❤❡♦r❡♠ ✶✳✹❪✮✳ ◆✐❡❝❤ E : {1, 2, . . . , n}n → C

❜➛❞③✐❡ ❢✉♥❦❝❥→ ♥✐❡③❞❡❣❡♥❡r♦✇❛♥→ ♣r❛✇♦✲ ✐ ❧❡✇♦str♦♥♥✐❡ ✐ ♥✐❡❝❤ AE ❜➛❞③✐❡ ✉♥✐✇❡rs❛❧♥→ ❈∗✲❛❧❣❡❜r→ ③

❥❡❞②♥❦→✱ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ ✇s♣ó➟❝③②♥♥✐❦✐ ♠❛❝✐❡r③ u = (ujk)
n
j,k=1 s♣❡➟♥✐❛❥→❝❡ ✇❛r✉♥❦✐

❛✮ ✉♥✐t❛r♥♦➧❝✐✿

∀j,k=1,...,n

n
∑

s=1

ujsu
∗
ks = δjk1A =

n
∑

s=1

u∗sjusk, ✭❯✮

❜✮ s❦r➛❝♦♥❡❣♦ ✇②③♥❛❝③♥✐❦❛✿

∀a1,...,an∈{1,...,n}
n
∑

i1,i2,...,in=1

Ei1,i2,...,inua1i1ua2i2 . . . uanin = Ea1,a2,...,an · 1A. ✭❚❉✮

❲ó✇❝③❛s ♣❛r❛ GE = (AE , u) ❥❡st ③✇❛rt→ ✭♠❛❝✐❡r③♦✇→✮ ❣r✉♣→ ❦✇❛♥t♦✇→✳

❖♣✐s❛♥→ ✇ ♣♦✇②➺s③②♠ t✇✐❡r❞③❡♥✐✉ ❣r✉♣➛ ❦✇❛♥t♦✇→ GE ❜➛❞③✐❡♠② ♥❛③②✇❛➣ ③✇❛rt→ ❣r✉♣→ ❦✇❛♥✲

t♦✇→ ♣♦❝❤♦❞③→❝→ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ❞❧❛ ❢✉♥❦❝❥✐ E✳ ❙tr✉❦t✉r❛ ❣r✉♣② ❦✇❛♥t♦✇❡❥ ❥❡st ③❛❞❛♥❛
❥❡❞♥♦③♥❛❝③♥✐❡ ♣♦♣r③❡③ ❢❛❦t✱ ➺❡ u ❥❡st r❡♣r❡③❡♥t❛❝❥→ ❢✉♥❞❛♠❡♥t❛❧♥→ G✱ ❝③②❧✐ ♠✉s③→ ③❛❝❤♦❞③✐➣ ✇③♦r②
✭✶✮ ✐ ✭✷✮✳ P♦♥❛❞t♦✱ ✇❛r✉♥❡❦ ✉♥✐t❛r♥♦➧❝✐ ✭❯✮ ✐♠♣❧✐❦✉❥❡✱ ➺❡ S(ujk) = u∗jk.

❲❛r✉♥❡❦ ♥✐❡③❞❡❣❡♥❡r♦✇❛♥✐❛ E ❥❡st ❜❛r❞③♦ ♦❣ó❧♥② ✐ ♣♦③♦st❛✇✐❛ ❞✉➺→ s✇♦❜♦❞➛ ✇ ✇②❜♦r③❡ st❛➟②❝❤
✭♥♣✳ ❞♦✇♦❧♥❛ ❢✉♥❦❝❥❛ ♥❛ ♣❡r♠✉t❛❝❥❛❝❤ ♦ ✇❛rt♦➧❝✐❛❝❤ ♥✐❡③❡r♦✇②❝❤ ♣♦③✇❛❧❛ ③❞❡✜♥✐♦✇❛➣ ♥✐❡③❞❡❣❡♥✲
❡r♦✇❛♥→ ❢✉♥❦❝❥➛ E✮✱ ❞❧❛t❡❣♦ ❦♦♥str✉❦❝❥❛ ✇②❞❛✇❛➟❛ s✐➛ ❜②➣ ❜❛r❞③♦ ♦❣ó❧♥❛✳ ❚②♠❝③❛s❡♠ ❞♦ ♥✐❡❞❛✇♥❛
③♥❛♥②❝❤ ❜②➟♦ ③❛❧❡❞✇✐❡ ❦✐❧❦❛ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✱ ✉③②s❦❛♥②❝❤ ♣r③② ❥❡❥ ♣♦♠♦❝② ✭✐ ♥✐❡tr②✇✐❛❧♥②❝❤✱ ❝③②❧✐
♥✐❡ ♣♦❝❤♦❞③→❝②❝❤ ♦❞ ❣r✉♣ ❦❧❛s②❝③♥②❝❤✮✳ ❇②➟❛ t♦ ♣r③❡❞❡ ✇s③②st❦✐❝❤ r♦❞③✐♥❛ SUq(n)✱ ♦♣✐s❛♥❛ ♣r③❡③
❲♦r♦♥♦✇✐❝③❛ ✇ ♣r❛❝② ❬❲✽✽❪ ❥❛❦♦ ③❛st♦s♦✇❛♥✐❡ st✇♦r③♦♥❡❥ ❦♦♥str✉❦❝❥✐✳ ❖❞♣♦✇✐❛❞❛ ❥❡❥ ❢✉♥❦❝❥❛

Ei1,i2,...,in =

{

(−q)|σ|, ❣❞② σ = (i1, i2, . . . , in) ∈ Sn

0, ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉

✭♣❛tr③ Pr③②❦➟❛❞ ✸✳✹✮✳ ❲ ✶✾✾✽✱ ❊✳❈✳ ▲❛♥❝❡ ③❞❡✜♥✐♦✇❛➟ ❣r✉♣➛ SOq(3) ❥❛❦♦ ♦❜✐❡❦t ♣♦✇st❛❥→❝② ③
❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ❞❧❛ n = 3 ✐ ❢✉♥❦❝❥✐ E ♣r③②❥♠✉❥→❝❡❥ ♥✐❡③❡r♦✇❡ ✇❛rt♦➧❝✐ ❞❧❛

E123 = 1, E132 = E213 = −q, E231 = E312 = q, E321 = −q2, E222 =
√
q(1− q),

✽



③ ❞♦❞❛t❦♦✇②♠✐ ③❛➟♦➺❡♥✐❛♠✐ u22 = u∗22✱ u11 = u∗33✱ u12 =
√
qu∗32✳ ➅❝✐➧❧❡ ♠ó✇✐→❝✱ SOq(3) ▲❛♥❝❡✬❛ ❥❡st

③❛t❡♠ ♣♦❞❣r✉♣→
✭♥✐❡③❜❛❞❛♥❡❥ ❞♦t→❞✮ ❣r✉♣② ❦✇❛♥t♦✇❡❥ ♣♦✇st❛❥→❝❡❥ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ❞❧❛ ♣♦❞❛♥②❝❤

✇❛rt♦➧❝✐ E✱ ❦tór❡❥ ❣❡♥❡r❛t♦r② s♣❡➟♥✐❛❥→ ❞♦❞❛t❦♦✇❡ r❡❧❛❝❥❡✳ ❲ ✷✵✵✹✱ ❏✳ ❲②s♦❝③❛➠s❦✐ ❬❲②s✵✹❪ ③❛s✲
t♦s♦✇❛➟ ❦♦♥str✉❦❝❥➛ ❲♦r♦♥♦✇✐❝③❛ ❞♦ n = 3 ✐ E(σ) = (−q)3−c(σ) ❞❧❛ σ ∈ Sn ♦r❛③ Ei1,i2,...,in = 0 ✇
♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉✱ ✉③②s❦✉❥→❝ ❣r✉♣➛ Uq(2) ✭③❞❡✜♥✐♦✇❛♥→ ✇ ❬❑♦❡✾✶❪✮✳ ❚✉t❛❥✱ c(σ) ♦③♥❛❝③❛ ❧✐❝③❜➛
❝②❦❧✐ ✇ r♦③❦➟❛❞③✐❡ ♣❡r♠✉t❛❝❥✐ σ✳ ❲r❡s③❝✐❡✱ ✇ ✷✵✶✸ ❏✳ ❇✐❝❤♦♥ ✐ ▼✳ ❉✉❜♦✐s✲❱✐♦❧❡tt❡ ❬❇❉✶✸❪ ♣♦❦❛③❛❧✐✱
➺❡ ❦✇❛♥t♦✇❛ ❣r✉♣❛ r❡✢❡❦s❥✐ Hm+

n ✱ ♦♣✐s❛♥❛ ✇ ♣r❛❝② ❬❇❱✵✾❪✱ ♣♦✇st❛❥❡ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛
❞❧❛ Ei,i,...,i = 1 ♦r❛③ Ei1,...,in = 0 ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉✳

◆✐❡✇✐❡❧❦❛ ❧✐❝③❜❛ ♣r③②❦➟❛❞ó✇ ♦❜✐❡❦tó✇ ♣♦❝❤♦❞③→❝②❝❤ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ✇②r❛➵♥✐❡ ❦♦♥✲
tr❛st♦✇❛➟❛ ③ ❞♦✇♦❧♥♦➧❝✐→ ✇②❜♦r✉ ❢✉♥❦❝❥✐ E✳ ❉❧❛t❡❣♦ ✇ s♣♦só❜ ♥❛t✉r❛❧♥② ♣♦❥❛✇✐➟♦ s✐➛ ♣②t❛♥✐❡✿
❥❛❦✐❡❣♦ t②♣✉ ❢✉♥❦❝❥❡ E ♣r♦✇❛❞③→ ✕ ♣♦♣r③❡③ ❦♦♥str✉❦❝❥➛ ❲♦r♦♥♦✇✐❝③❛ ✕ ❞♦ ✭♥✐❡tr②✇✐❛❧♥②❝❤✮ ❣r✉♣
❦✇❛♥t♦✇②❝❤❄ ❚❡♠❛t♦✇✐ t❡♠✉ ③♦st❛➟② ♣♦➧✇✐➛❝♦♥❡ ❞✇✐❡ ♣✐❡r✇s③❡ ♣r❛❝❡ ✇❝❤♦❞③→❝❡ ✇ s❦➟❛❞ ♦s✐→❣✲
♥✐❡❝✐❛ ♥❛✉❦♦✇❡❣♦ ✭❬❍✶❪ ✐ ❬❍✷❪✮✳

❲❛rt♦ ✇ t②♠ ♠✐❡❥s❝✉ ✇s♣♦♠♥✐❡➣✱ ➺❡ ❞❧❛ ✇②♠✐❛r✉ n = 2 ♠♦➺♥❛ ♣♦❦❛③❛➣✱ ➺❡ ❞♦✇♦❧♥❛ ❣r✉♣❛ ❦✇❛♥✲
t♦✇❛ ♣♦❝❤♦❞③→❝❛ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ❥❡st ✐③♦♠♦r✜❝③♥❛ ❛❧❜♦ ③ t♦r✉s❡♠ ✭❝③②❧✐ ❥❡❥ ❛❧❣❡❜r❛ ❥❡st
✐③♦♠♦r✜❝③♥❛ ③ C(T )✮ ❛❧❜♦ ③ ❦✇❛♥t♦✇→ ❣r✉♣→ SUq(2) ❞❧❛ ♣❡✇♥❡❣♦ q ∈ R

∗✳✷ ▼♦➺♥❛ t♦ ✇②t➟✉♠❛❝③②➣
♥✐s❦✐♠ ✇②♠✐❛r❡♠✱ ❝③②❧✐ ♥✐❡✇✐❡❧❦→ s✇♦❜♦❞→ ✇ ✇②❜♦r③❡ st❛➟②❝❤ ✭❞❡ ❢❛❝t♦ ❞❧❛ n = 2 ✇②❜✐❡r❛♠② tr③②
♣❛r❛♠❡tr②✱ ❜♦ ♣♦❞③✐❡❧❡♥✐❡ ✇s♣ó➟❝③②♥♥✐❦ó✇ ❢✉♥❦❝❥✐ E ♣r③❡③ st❛➟→ ♥✐❡ ③♠✐❡♥✐❛ r❡❧❛❝❥✐ ✇ ❣r✉♣✐❡ ❦✇❛♥✲
t♦✇❡❥✮✳ ❲②❞❛✇❛➟♦ s✐➛ ❥❡❞♥❛❦✱ ➺❡ ❞❧❛ ✇②➺s③②❝❤ ✇②♠✐❛ró✇ ♠♦➺❧✐✇♦➧❝✐ ✉③②s❦❛♥✐❛ ❝✐❡❦❛✇②❝❤ ❣r✉♣
❦✇❛♥t♦✇②❝❤ s→ ③♥❛❝③♥✐❡ ✇✐➛❦s③❡✳ ❘③❡❝③②✇✐st♦➧➣ ♠❛t❡♠❛t②❝③♥❛ ♦❦❛③❛➟❛ s✐➛ ✐♥♥❛✳

◆❛❥♣✐❡r✇ ✉❞❛➟♦ ♠✐ s✐➛ ③♥❛❧❡➵➣ ♥✐❡tr②✇✐❛❧♥→ ❣r✉♣➛ ❦✇❛♥t♦✇→ ♣♦❝❤♦❞③→❝→ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✲
✐❝③❛ ❞❧❛ n = 4✱ ❝♦ ♦♣✐s❛➟❛♠ ✇ ♣r❛❝② ❬❍✶❪✳ ●r✉♣❛ t❛ ❥❡st ③✇✐→③❛♥❛ ③ ❢✉♥❦❝❥→ ❦♦❧♦r✉❥→❝→ ✐♥✇❡rs❥❡ ♥❛
♣❡r♠✉t❛❝❥❛❝❤ ❝③t❡r♦❡❧❡♠❡♥t♦✇②❝❤✱ ♦♣✐s❛♥→ ✇ ❬❇❙✾✹✱ ❙❡❝t✐♦♥ ✺❪✳ ❏❡st ♦♥❛ ③❞❡✜♥✐♦✇❛♥❛ ♥❛st➛♣✉❥→❝♦✿
♥✐❡❝❤ πk := (k, k + 1)✱ k = 1, 2, 3✱ ♦③♥❛❝③❛❥→ ✐♥✇❡rs❥❡ ❣r✉♣② ♣❡r♠✉t❛❝❥✐ ❝③t❡r♦❡❧❡♠❡♥t♦✇②❝❤ S4
✭❣❡♥❡r✉❥→ ♦♥ S4✮ ♦r❛③ ♥✐❡❝❤ q1, q2, q3 ∈ R

∗ ❜➛❞→ ✉st❛❧♦♥②♠✐ ♣❛r❛♠❡tr❛♠✐❀ ♥❛ ✐♥✇❡rs❥❛❝❤ ❞❡✜♥✐✉❥❡♠②
❢✉♥❦❝❥➛ Ec(πk) := qk✱ ❛ ♥❛st➛♣♥✐❡ r♦③s③❡r③❛♠② ❥→ ❞♦ ♦❞✇③♦r♦✇❛♥✐❛ Ec : S4 7→ R ♣r③②♣♦r③→❞❦♦✇✉❥→❝
❞♦✇♦❧♥②♠ ♣❡r♠✉t❛❝❥♦♠ ♣r♦❞✉❦t ✇❛rt♦➧❝✐ ♥❛ ró➺♥②❝❤✭✦✮ ✐♥✇❡rs❥❛❝❤ ✇②st➛♣✉❥→❝②❝❤ ✇ ✐❝❤ r♦③❦➟❛❞③✐❡✳
❉♦❦➟❛❞♥✐❡❥✱ ❥❡➧❧✐ σ ∈ S4 ♠❛ ♠✐♥✐♠❛❧♥② r♦③❦➟❛❞ ♥❛ ✐♥✇❡rs❥❡ ♣♦st❛❝✐ σ = πj1 . . . πjs ✐ ❥❡➧❧✐

{πj1 , . . . , πjs} = {πi1 , . . . , πit : i1 < · · · < it}, t♦ Ec(σ) := qi1 . . . qit .

❲ ❦♦➠❝✉ ❢✉♥❦❝❥➛ Ec r♦③s③❡r③❛♠② ♥❛ ❝❛➟❡ {1, 2, 3, 4}4 ❦➟❛❞→❝ ③❡r♦ ♣♦③❛ S4✳
❉❧❛ ♣r③②❦➟❛❞✉✱ Ec(1123) = 0✱ Ec(1243) = q3✱ ❜♦ (1, 2, 4, 3) = π3✱ ❛ Ec(4132) = q1q2q3✱ ❜♦

σ = (4, 1, 3, 2) = π2π3π2π1✳ P♦♣r❛✇♥♦➧➣ ❞❡✜♥✐❝❥✐ E ✇②♥✐❦❛ ③ r❡❧❛❝❥✐ ✇❛r❦♦❝③♦✇②❝❤ ♣♦♠✐➛❞③②
✐♥✇❡rs❥❛♠✐ ✭πiπi+1πi = πi+1πiπi+1 ♦r❛③ πiπj = πjπi✱ ❣❞② |i− j| ≥ 2✮✳

✷■st♦t♥✐❡✱ ❥❡➧❧✐ GE ❥❡st ❣r✉♣→ ❦✇❛♥t♦✇→ ♣♦❝❤♦❞③→❝→ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ♣r③❡♣r♦✇❛❞③♦♥❡❥ ❞❧❛ t❛❜❧✐❝② E ∈

M2(C)✱ t♦ ✇❛r✉♥❦✐ ✭❚❉✮ ✐ ✭❯✮ s→ ró✇♥♦✇❛➺♥❡ ✇❛r✉♥❦♦♠ ✭❯✮ ♦r❛③ u = Etū(Et)
−1

✳ ❩❛✉✇❛➺♠②✱ ➺❡ ❞✇✉✇②♠✐❛r♦✇❛
♥✐❡③❞❡❣❡♥❡r♦✇❛♥❛ ♠❛❝✐❡r③ E = [Eij ]

2
i,j=1 ❥❡st ③❛✇s③❡ ♦❞✇r❛❝❛❧♥❛✳

❏❡➧❧✐ EE 6= cI✱ t♦ ✕ ♥❛ ♠♦❝② ❧❡♠❛t✉ ❙❝❤✉r❛ ✕ u ♥✐❡ ❥❡st ♥✐❡♣r③②✇✐❡❞❧♥❡✱ ❝③②❧✐ ♠❛ ♣♦st❛➣ u =

(

a 0
0 b

)

✳ ❲ó✇❝③❛s

✇❛r✉♥❦✐ ✭❯✮ ✐ ✭❚❉✮ ✐♠♣❧✐❦✉❥→✱ ➺❡ a ❥❡st ✉♥✐t❛r♥②✱ ❛ b = a∗✳ ❩❛t❡♠ GE
∼= T ✳

❏❡➧❧✐ ③ ❦♦❧❡✐ EE = cI✱ ✇t❡❞② c ∈ R
∗ ✐ GE ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ O+

E ✱ ✉♥✐✇❡rs❛❧♥→ ♦rt♦❣♦♥❛❧♥→ ❣r✉♣→ ❦✇❛♥t♦✇→
✭Pr③②❦➟❛❞ ✸✳✸✮✳ ❆❧❡ ✇✐❛❞♦♠♦ ✭❬❇❛♥✾✻✱ ❘❡♠❛r❦❪✮✱ ➺❡ O+

E
∼= SUq(2) ❞❧❛ ♣❡✇♥❡❣♦ q ∈ R

∗✳ ❲✐❞③✐♠② ③❛t❡♠✱ ➺❡ ❞❧❛ n = 2
③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ♠♦➺♥❛ ✉③②s❦❛➣ ❥❡❞②♥✐❡ ❞✇❛ t②♣② ❣r✉♣ ❦✇❛♥t♦✇②❝❤✳

✾



❲ ❬❍✶❪ ♣♦❦❛③❛➟❛♠✱ ➺❡ ❣r✉♣❛ ❦✇❛♥t♦✇❛ Gc ♣♦❝❤♦❞③→❝❛ ③ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ❞❧❛ t❛❦✐❡❣♦
Ec ❥❡st ❣❡♥❡r♦✇❛♥❛ ♣r③❡③ ❝③t❡r② ❡❧❡♠❡♥t② a, b, x, z✱ ❦tór❡ s♣❡➟♥✐❛❥→ ✇❛r✉♥❦✐✿ ✭✶✮ a ✐ b s→ ❡❧❡♠❡♥t❛♠✐
t②♣✉ ❣r✉♣♦✇❡❣♦ ✭❣r♦✉♣✲❧✐❦❡✱ ❝③②❧✐ ∆(a) = a⊗a✮ ♦r❛③ s→ ✉♥✐t❛r♥❡ ✐ ♥❛❧❡➺→ ❞♦ ❝❡♥tr✉♠ ❛❧❣❡❜r② C(Gc)❀
✭✷✮ x ✐ z ❣❡♥❡r✉❥→ ❈∗✲❛❧❣❡❜r➛ ✐③♦♠♦r✜❝③♥→ ③ C(SU−1(2))✱ ❬❩❛❦✾✶❪✱ ❝③②❧✐ s♣❡➟♥✐❛❥→ r❡❧❛❝❥❡✿

xx∗ + zz∗ = 1 = x∗x+ z∗z, zz∗ = z∗z, xz + zx = 0, xz∗ + z∗x = 0.

❲②♥✐❦ t❡♥ ♥✐❡ t②❧❦♦ ♣♦t✇✐❡r❞③✐➟✱ ➺❡ Gc ❥❡st ♥✐❡tr②✇✐❛❧♥→ ③✇❛rt→ ❣r✉♣❛ ❦✇❛♥t♦✇→✱ ❛❧❡ t❛❦➺❡ ✇s❦❛③❛➟
❞♦❞❛t❦♦✇→ str✉❦t✉r➛ s❦r➛❝♦♥❡❣♦ ♣r♦❞✉❦t✉ ❜❛❞❛♥❡❥ ❣r✉♣②✳ P♦❥➛❝✐❡ ♣r♦❞✉❦t✉ s❦r➛❝♦♥❡❣♦ ❣r✉♣ ❦✇❛♥✲
t♦✇②❝❤ ③♦st❛➟♦ ✇♣r♦✇❛❞③♦♥❡ ✇ ♣r❛❝② ❬P❲✾✵❪✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✻ ✭❬❍✶✱ ❈♦r♦❧❧❛r② ✺✳✶❪✮✳ ●r✉♣❛ ❦✇❛♥t♦✇❛ Gc ③✇✐→③❛♥❛ ③ ❢✉♥❦❝❥→ ❦♦❧♦r✉❥→❝→ ✐♥✇❡rs❥❡

❥❡st ♣r♦❞✉❦t❡♠ s❦r➛❝♦♥②♠ s✇♦✐❝❤ ♣♦❞❣r✉♣

Gc = SU−1(2)×σ T2,

❣❞③✐❡ σ : SU−1(2)⊗ C(T2) → C(T2)⊗ SU−1(2) ❥❡st ③❛❞❛♥❡

σ(1⊗ α) = α⊗ 1, σ(x⊗ α) = α⊗ x, σ(z ⊗ α) = a∗b∗α⊗ z ✭✼✮

❞❧❛ α ∈ {1, a, b, a∗, b∗}✳

❉③✐➛❦✐ t❡❥ str✉❦t✉r③❡ ❣r✉♣❛ ❦✇❛♥t♦✇❛ Gc ❞③✐❡❞③✐❝③② ✇✐❡❧❡ ✇➟❛s♥♦➧❝✐ ♦❞ ❣r✉♣② SU−1(2)❀ ✇
s③❝③❡❣ó❧♥♦➧❝✐✱ ♣♦❦❛③❛➟❛♠ ❬❍✶✱ Pr♦♣♦s✐t✐♦♥ ✻✳✶❪✱ ➺❡ ♥✐❡♣r③②✇✐❡❞❧♥❡ ∗✲r❡♣r❡③❡♥t❛❝❥❡ ❛❧❣❡❜r② C(Gc)
s→ t②❧❦♦ ❥❡❞♥♦✲ ✐ ❞✇✉✲✇②♠✐❛r♦✇❡ ✕ t❛❦ ❥❛❦ ✇ ♣r③②♣❛❞❦✉ SU−1(2)✳

▼♦❥❡ ❜❛❞❛♥✐❛ ♣r♦✇❛❞③♦♥❡ ♥❛❞ ❦♦♥str✉❦❝❥→ ❲♦r♦♥♦✇✐❝③❛ ✐ ♣ró❜② ♦♣✐s❛♥✐❛ ♥♦✇②❝❤ ❣r✉♣ ❦✇❛♥✲
t♦✇②❝❤ ❞❧❛ ✇②♠✐❛r✉ n = 3 ♣♦❦❛③❛➟②✱ ➺❡ ♣r③② ③❛➟♦➺❡♥✐✉ ✇❛r✉♥❦✉ ♣❡r♠✉t❛❝❥✐ ❞❧❛ t❛❜❧✐❝② ❧✐❝③❜ E✿

Ei1,i2,i3 6= 0 ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞② (i1, i2, i3) ∈ S3, ✭P✮

❦♦♥str✉❦❝❥❛ ❲♦r♦♥♦✇✐❝③❛ ❜❛r❞③♦ ❝③➛st♦ ♣r♦✇❛❞③✐ ❞♦ ✇②♥✐❦ó✇ tr②✇✐❛❧♥②❝❤ ❧✉❜ ③♥❛♥②❝❤✳ ❩✇②❦❧❡
♦❦❛③②✇❛➟♦ s✐➛✱ ➺❡ ❛❧❣❡❜r❛ ❣❡♥❡r♦✇❛♥❛ ❥❡st ♣r③❡③ ❞✇❛ ❦♦♠✉t✉❥→❝❡ ❡❧❡♠❡♥t② ✉♥✐t❛r♥❡ ✭❝③②❧✐ ➺❡ ♠❛♠②
❞♦ ❝③②♥✐❡♥✐❛ ③ C(T 2)✱ ❛❧❣❡❜r→ ❢✉♥❦❝❥✐ ❝✐→❣➟②❝❤ ♥❛ t♦r✉s✐❡✮ ❧✉❜ ➺❡ r❡♣r❡③❡♥t❛❝❥❛ ❢✉♥❞❛♠❡♥t❛❧♥❛
r♦③❦➟❛❞❛ s✐➛ ♥❛ ❞✇❛ ❜❧♦❦✐ ✭1×1 ✐ 2×2✮ ✐ ♣♦❥❛✇✐❛ s✐➛ str✉❦t✉r❛ ❣r✉♣② Uq(2)✳ P♦❝③②♥✐♦♥❡ ♦❜s❡r✇❛❝❥❡
♣♦③✇♦❧✐➟② ♠✐ ③♥❛❧❡➵➣ ♦❣ó❧♥→ ♠❡t♦❞➛ ❜❛❞❛♥✐❛ t❡❥ ❦♦♥str✉❦❝❥✐ ✭❞❧❛ ✇②♠✐❛r✉ ✸✮✱ ❦tór❛ ♦♣✐❡r❛ s✐➛ ♥❛
✇➟❛s♥♦➧❝✐❛❝❤ ♠♦r✜③♠ó✇ s♣❧❛t❛❥→❝②❝❤ ♣♦t➛❣✐ t❡♥s♦r♦✇❡ r❡♣r❡③❡♥t❛❝❥✐ ❢✉♥❞❛♠❡♥t❛❧♥❡❥ ✐ ③❛st➛♣✉❥❡
❞♦➧➣ ✉❝✐→➺❧✐✇❡ r❛❝❤✉♥❦✐ st♦s♦✇❛♥❡ ❞♦ t❡❥ ♣♦r②✳ ▼❡t♦❞➛ t→ ♦♣✐s❛➟❛♠ ✇ ♣r❛❝② ❬❍✷❪✳

❆❜② ♣♦❦rót❝❡ ♦♣✐s❛➣ t➛ ♠❡t♦❞➛✱ ♣r③②♣♦♠♥➛ ♥❛❥♣✐❡r✇ ❦✐❧❦❛ ♣♦❞st❛✇♦✇②❝❤ ♣♦❥➛➣ ♦r❛③ ❦❧✉❝③♦✇②
✇②♥✐❦ ❲♦r♦♥♦✇✐❝③❛ ③ ♣r❛❝② ❬❲✽✽❪✳ ❩❜✐ór s❦♦➠❝③❡♥✐❡ ✇②♠✐❛r♦✇②❝❤ r❡♣r❡③❡♥t❛❝❥✐ ✉st❛❧♦♥❡❥ ❣r✉♣②
❦✇❛♥t♦✇❡❥ G = (A,∆)✱ ❝③②❧✐ ♠❛❝✐❡r③② (ujk)

n
j,k=1 ∈Mn(A) ∼= A⊗Mn(C) s♣❡➟♥✐❛❥→❝②❝❤ ✇❛r✉♥❡❦ ✭✶✮✱

❥❡st ③❛♠❦♥✐➛t② ✭♠✐➛❞③② ✐♥♥②♠✐✮ ♥❛ ✐❧♦❝③②♥ t❡♥s♦r♦✇②✱ ③❞❡✜♥✐♦✇❛♥② ❥❛❦♦

u⊤ v =
n′

∑

j,k=1

n′′

∑

s,t=1

m′
jk ⊗m′′

st ⊗ vjkwst,

✶✵



❣❞③✐❡

u =

n′

∑

j,k=1

m′
jk ⊗ vjk, v =

n′′

∑

s,t=1

m′′
st ⊗ wst,

❛ m′
jk ✐ m′′

st ♦③♥❛❝③❛❥→ ❥❡❞♥♦st❦✐ ♠❛❝✐❡r③♦✇❡ ✇ Mn′(C) ✐ ♦❞♣♦✇✐❡❞♥✐♦ ✇ Mn′′(C)✳ ❖♣❡r❛t♦r❡♠

s♣❧❛t❛❥→❝②♠ ✭❛♥❣✳ ✐♥t❡rt✇✐♥❡r✮ ♠✐➛❞③② ❞✇♦♠❛ r❡♣r❡③❡♥t❛❝❥❛♠✐ u ✐ v ❣r✉♣② ❦✇❛♥t♦✇❡❥ G✱ ✇②♠✐❛r✉
♦❞♣♦✇✐❡❞♥✐♦ n′ ✐ n′′✱ ♥❛③②✇❛♠② ♦♣❡r❛t♦r ❧✐♥✐♦✇② T : Cn

′ → C
n′′

s♣❡➟♥✐❛❥→❝② ✇❛r✉♥❡❦

u(T ⊗ id) = (T ⊗ id)v. ✭✽✮

P♦✇②➺❡❥ id ♦③♥❛❝③❛ ✐❞❡♥t②❝③♥♦➧➣ ♥❛ A✳
❑❛➺❞❛ ③✇❛rt❛ ♠❛❝✐❡r③♦✇❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ G = (A, u) ❞❡✜♥✐✉❥❡ t③✇✳ ③✉♣❡➟♥→ ❦♦♥❦r❡t♥→ ❲∗✲

❦❛t❡❣♦r✐➛ ♠♦♥♦✐❞❛❧♥→ ✭❝♦♠♣❧❡t❡ ❝♦♥❝r❡t❡ ♠♦♥♦✐❞❛❧ ❲∗✲❝❛t❡❣♦r②✮ R✳ ❲ t❡❥ ❦❛t❡❣♦r✐✐✱ ♦❜❥❡❦t❛♠✐
s→ s❦♦➠❝③❡♥✐❡ ✇②♠✐❛r♦✇❡ ✉♥✐t❛r♥❡ r❡③♣r❡③❡♥t❛❝❥❡ G✱ ❛ ♠♦r✜③♠❛♠✐ ✕ ♦♣❡r❛t♦r② s♣❧❛t❛❥→❝❡ ♠✐➛❞③②
♥✐♠✐✳ ❙✳▲✳ ❲♦r♦♥♦✇✐❝③ ✇②❦❛③❛➟ ✭❬❲✽✽✱ ❚❤❡♦r❡♠ ✶✳✸❪✮✱ ➺❡ ❦❛➺❞❛ ③✉♣❡➟♥❛ ❦♦♥❦r❡t♥❛ ❲∗✲❦❛t❡❣♦r✐❛
♠♦♥♦✐❞❛❧♥❛ R✱ ✇ ❦tór❡❥ ✐st♥✐❡❥❡ ✇②ró➺♥✐♦♥② ♦❜✐❡❦t u ✐ ❥❡❣♦ s♣r③➛➺❡♥✐❡ ū t❛❦✐❡✱ ➺❡ r❛③❡♠ ❣❡♥❡r✉❥→
❦❛t❡❣♦r✐➛ R✱ ♣♦③✇❛❧❛ ③❞❡✜♥♦✇❛➣ ③✇❛rt→ ❣r✉♣➛ ❦✇❛♥t♦✇→✳ ❲ó✇❝③❛s ✇s♣ó➟❝③②♥♥✐❦✐ ♠❛❝✐❡r③♦✇❡ t❡♥✲
s♦r♦✇②❝❤ ♣♦t➛❣ ✇②ró➺♥✐♦♥❡❣♦ ♦❜✐❡❦t✉ u⊤m ✭m ∈ N✮ ❣❡♥❡r✉❥→ ❈∗✲❛❧❣❡❜r➛ A✱ ❛ ♦♣❡r❛t♦r② s♣❧❛t❛❥→❝❡
❦♦❞✉❥→ r❡❧❛❝❥❡ ♠✐➛❞③② ❣❡♥❡r❛t♦r❛♠✐✳

❲ ♣r③②♣❛❞❦✉ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛✱ ✇②❝❤♦❞③✐ s✐➛ ♦❞ ✉♥✐✇❡rs❛❧♥❡❥ ❈∗✲❛❧❣❡❜r② ③ ❥❡❞②♥❦→ A

❣❡♥❡r♦✇❛♥❡❥ ♣r③❡③ n2 ❡❧❡♠❡♥tó✇ ujk ✭j, k = 1, . . . , n✮ s♣❡➟♥✐❛❥→❝②❝❤ ✇❛r✉♥❦✐ ✭❯✮ ✐ ✭❚❉✮✳ ▼❛❝✐❡r③

u = (ujk)
n
j,k=1 st❛♥♦✇✐ ✇②ró➺♥✐♦♥② ♦❜✐❡❦t✱ ❛ ✐❧♦❝③②♥② t❡♥s♦r♦✇❡ u⊤m ✭m ∈ N✮ ✭♣♦ ✉③✉♣❡➟♥✐❡♥✐✉✮

t✇♦r③→ ③❜✐ór ♦❜✐❡❦tó✇ ❦❛t❡❣♦r✐✐ R✳ ❖♣❡r❛t♦r

E : C ∋ 1 7→
∑

i1,...,in

Ei1...inei1 ⊗ . . .⊗ ein ∈ (Cn)⊗n,

③❜✉❞♦✇❛♥② ♥❛ ❜❛③✐❡ ❢✉♥❦❝❥✐ E✱ ❥❡st ♣♦❞st❛✇♦✇②♠ ❜✉❞✉❧❝❡♠ ♣r③❡str③❡♥✐ ♠♦r✜③♠ó✇ ✭❝③②❧✐ ♦♣❡r❛✲
t♦ró✇ s♣❧❛t❛❥→❝②❝❤✮ ✕ ♣♦✇st❛❥→ ♦♥❡ ❥❛❦♦ ❦♦♠❜✐♥❛❝❥❡ ❧✐♥✐♦✇❡ ③➟♦➺❡➠ ♦❞✇③♦r♦✇❛➠ ♣♦st❛➣ Ik⊗E⊗ Il ✐
Ik ⊗E∗ ⊗ Il✳ ❚❛❦ ♣♦✇st❛➟② ♦❜✐❡❦t ❥❡st ③✉♣❡➟♥→ ❦♦♥❦r❡t♥→ ❲∗✲❦❛t❡❣♦r✐→ ♠♦♥♦✐❞❛❧♥→✱ ❝③②❧✐ ❞❡✜♥✐✉❥❡
③✇❛rt→ ❣r✉♣➛ ❦✇❛♥t♦✇→ GE ✳

❋❛❦t✱ ➺❡ E ❥❡st ♦♣❡r❛t♦r❡♠ s♣❧❛t❛❥→❝②♠ ♠✐➛❞③② r❡♣r❡③❡♥t❛❝❥→ tr②✇✐❛❧♥→ ❛ u⊤ 3 ♦③♥❛❝③❛✱ ➺❡
③❛❝❤♦❞③✐ ✇❛r✉♥❡❦ s❦r➛❝♦♥❡❣♦ ✇②③♥❛❝③♥✐❦❛ ✭❚❉✮✳ ❩❜✉❞♦✇❛♥❡ ③ ♥✐❡❣♦ ♦♣❡r❛t♦r②

P = (E∗ ⊗ I1)(I1 ⊗ E), Q = (E∗ ⊗ I2)(I2 ⊗ E), T := (I1 ⊗R∗)E

❦♦❞✉❥→ ♦❞♣♦✇✐❡❞♥✐♦✿ ✭♥✐❡✮r♦③❦➟❛❞❛❧♥♦➧➣ r❡♣r❡③❡♥t❛❝❥✐ ❢✉♥❞❛♠❡♥t❛❧♥❡❥✱ r❡❧❛❝❥❡ ❦♦♠✉t❛❝❥✐ ♠✐➛❞③②
❞✇♦♠❛ ❡❧❡♠❡♥t❛♠✐ ♦r❛③ ✇➟❛s♥♦➧❝✐ ♠♦❞✉❧❛r♥❡ ✭♣❛tr③ ❬❍✷✱ ❚❤❡♦r❡♠ ✸✳✷✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ Pr♦♣♦s✐t✐♦♥
✸✳✸❪✮✳ ❇❛❞❛♥✐❡ t②❝❤ r❡❧❛❝❥✐ ♣♦③✇❛❧❛ ✉③②s❦❛➣ ✐♥❢♦r♠❛❝❥❡ ♦ str✉❦t✉r③❡ ❣r✉♣② ❦✇❛♥t♦✇❡❥✱ ❛ ✇ ♥✐❡❦tór②❝❤
♣r③②♣❛❞❦❛❝❤ ✕ ③♥❛❝③→❝❡ ✉♣r♦s③❝③❡♥✐❛ ♣♦st❛❝✐ ♠❛❝✐❡r③② ❢✉♥❞❛♠❡♥t❛❧♥❡❥✳ ❲ ❦♦♥s❡❦✇❡♥❝❥✐ ✇②♥✐❦✐ t❡
♣r♦✇❛❞③→ ❞♦ ❦❧❛s②✜❦❛❝❥✐ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✱ ❦tór❡ ♠♦➺♥❛ ✉③②s❦❛➣ ③❛ ♣♦♠♦❝→ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✲
✐❝③❛ ❞❧❛ n = 3 ③❛st♦s♦✇❛♥❡❥ ❞♦ ❢✉♥❦❝❥✐ E✱ ❦tór❛ ♣r③②❥♠✉❥❡ ♥✐❡③❡r♦✇❡ ✇❛rt♦➧❝✐ t②❧❦♦ ✭❞♦❦➟❛❞♥✐❡✮ ♥❛
♣❡r♠✉t❛❝❥❛❝❤ ✕ ❥❡st t♦ ♥❛❥✇❛➺♥✐❡❥s③② ✇②♥✐❦ ③ ♣r❛❝② ❬❍✷❪✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✼ ✭❬❍✷✱ ❚❤❡♦r❡♠ ✷✳✸❪✮✳ ◆✐❡❝❤ ζ := e
2
3
iπ✳ ❉♦✇♦❧♥❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ ♦tr③②♠❛♥❛ ✇

✇②♥✐❦✉ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛ ❞❧❛ ✇②♠✐❛r✉ ✸✱ ③❛st♦s♦✇❛♥❡❥ ❞♦ ❢✉♥❦❝❥✐ E s♣❡➟♥✐❛❥→❝❡❥ ✇❛r✉♥❡❦

♣❡r♠✉t❛❝❥✐ ✭P✮✱ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ❥❡❞♥→ ③ ♥❛st➛♣✉❥→❝②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✿

✶✶



✶✳ T 2 ✭♣r③❡♠✐❡♥♥② t♦r✉s✮✱

✷✳ Uq(2) ❞❧❛ q ∈ C
∗✱

✸✳ SUq,m(3) ❞❧❛ q ∈ C
∗ ✐ m ∈ {0, 1, 2}✱ ❦tór❛ ♣♦✇st❛❥❡ ♣r③❡③ ❦♦♥str✉❦❝❥➛ ❲♦r♦♥♦✇✐❝③❛ ❞❧❛ st❛➟②❝❤

E123 = 1, E132 = q, E213 = qζ−m, E231 = |q|2ζm, E312 = |q|2ζ−m, E321 = |q|2qζm,

✹✳ Aq,k,m(3) ❞❧❛ q ∈ C
∗ ✐ k,m ∈ {0, 1, 2}✱ ❦tór❛ ♣♦✇st❛❥❡ ♣r③❡③ ❦♦♥str✉❦❝❥➛ ❲♦r♦♥♦✇✐❝③❛ ❞❧❛

st❛➟②❝❤

E123 = 1, E132 = q, E213 = qζk, E231 = ζm, E312 = ζ−m, E321 = qζ−k.

●r✉♣❛ Uq(2) ❜②➟❛ ❥✉➺ ③♥❛♥❛✿ ❞❧❛ q ∈ (0, 1) ③♦st❛➟❛ ③❞❡✜♥✐♦✇❛♥❛ ✇ ♣r❛❝② ❍✳❚✳ ❑♦❡❧✐♥❦❛ ❬❑♦❡✾✶❪✱
❛ ♣r③②♣❛❞❡❦ ♦❣ó❧♥② q ∈ C

∗ ❜❛❞❛❧✐ ❳✳❳✳ ❩❤❛♥❣ ✐ ❊✳❨✳ ❩❤❛♦ ✇ ❬❩❩✵✺✱ ❩❤✵✻❪✳
●r✉♣❛ SUq,m(3) ❥❡st ✉♦❣ó❧♥✐❡♥✐❡♠ ❦✇❛♥t♦✇❡❥ ❣r✉♣② SUq(3) ③ Pr③②❦➟❛❞✉ ✸✳✹ ❞♦ ③❡s♣♦❧♦♥❡❣♦

✭♥✐❡③❡r♦✇❡❣♦✮ ♣❛r❛♠❡tr✉ ❞❡❢♦r♠❛❝❥✐ q ✭❞♦❦➟❛❞♥✐❡❥✿ SUq(3) = SU−q,0(3) ❞❧❛ q ∈ (0, 1)✮✳ ❾❛t✇♦
s♣r❛✇❞③✐➣✱ ➺❡ ❞❧❛ q 6= 1 SUq,m(3) ♥✐❡ ♣♦❝❤♦❞③✐ ♦❞ ➺❛❞♥❡❥ ❣r✉♣② ❦❧❛s②❝③♥❡❥ ✭♣♦♥✐❡✇❛➺ ③❛✇✐❡r❛ ❥❛❦♦
♣♦❞❣r✉♣➛ U−q(2)✮ ♦r❛③ ➺❡ SUq,m(3) ❥❡st t②♣✉ ❑❛❝❛ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② |q| = 1✳ ❲❛rt♦
t❡➺ ✇s♣♦♠♥✐❡➣✱ ➺❡ SUq,m(3)✱ ❥❛❦♦ ❛❧❣❡❜r❛ ❍♦♣❢❛✱ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ♠✉❧t✐✲♣❛r❛♠❡tr②❝③♥→ ❣r✉♣→
❦✇❛♥t♦✇→ SU−|q|,Pγ,m

✱ ♦♣✐s❛♥→ ♣r③❡③ ❚✳ ❍❛②❛s❤✐ ❬❍❛②✾✷✱ Pr♦♣♦s✐t✐♦♥ ✻✳✹❪✳
❩✉♣❡➟♥✐❡ ♥♦✇❛ ✇ ♣♦✇②➺s③❡❥ ❦❧❛s②✜❦❛❝❥✐ ❥❡st r♦❞③✐♥❛ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ Aq,k,m(3)✳ ❙→ ♦♥❡ ③❛✇s③❡❡

t②♣✉ ❑❛❝❛✳ ❲ ③❛❧❡➺♥♦➧❝✐ ♦❞ t❡❣♦✱ ❝③② k +m 6∈ 3N ❝③② ♥✐❡✱ ✐❝❤ ③❛❝❤♦✇❛♥✐❡ ❜➛❞③✐❡ ♥✐❡❝♦ ✐♥♥❡✳ ❏❡➧❧✐
k +m 6∈ 3N✱ t♦ ❣r✉♣❛ ❦✇❛♥t♦✇❛ Aq,k,m(3) ❥❡st ♣♦❞❣r✉♣→ ❦✇❛♥t♦✇❡❥ ❣r✉♣② r❡✢❡❦s❥✐ H∞+

3 ✳ ❲ t②♠
t❡➺ ♣r③②♣❛❞❦✉ ♥✐❡♣r③②✇✐❡❞❧♥❡ ∗✲r❡♣r❡③❡♥t❛❝❥❡ ❛❧❣❡❜r② s→ ♥✐❡r♦③❡r✇❛❧♥✐❡ ③✇✐→③❛♥❡ ③ r❡♣r❡③❡♥t❛❝❥❛♠✐
✭♥✐❡♣r③❡♠✐❡♥♥❡❣♦ ♦ ✐❧❡ k 6= m✮ t♦r✉s❛ ❧✉❜ ✕ ✐♥❛❝③❡❥ ♠ó✇✐→❝ ✕ r❡♣r❡③❡♥t❛❝❥❛♠✐ ❛❧❣❡❜r② ✭✇②♠✐❡r♥②❝❤✮
r♦t❛❝❥✐ Aθ✳ Pr③②♣♦♠♥➛✱ ➺❡ Aθ ❥❡st ✉♥✐✇❡rs❛❧♥→ ❈∗✲❛❧❣❡❜r→ ③ ❥❡❞②♥❦→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ ❞✇❛ ❡❧❡♠❡♥t②
✉♥✐t❛r♥❡ v1 ✐ v2 s♣❡➟♥✐❛❥→❝❡ r❡❧❛❝❥➛ v1v2 = e2iπθv2v1 ✭♣❛tr③ ❬❆P✽✾❪✱ ❬✶❪✮✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✽ ✭❬❍✷✱ Pr♦♣♦s✐t✐♦♥ ✻✳✶✶❪✮✳ ■st♥✐❡❥→ tr③② r♦❞③✐♥② ♥✐❡♣r③②✇✐❡❞❧♥②❝❤ ∗✲r❡♣r❡③❡♥t❛❝❥✐
❛❧❣❡❜r② A = C(Aq,k,m(3)) ❞❧❛ k +m 6∈ 3N✿

✶✳ r❡♣r❡③❡♥t❛❝❥❡ ❥❡❞♥♦✇②♠✐❛r♦✇❡✿ π(u11) = z1✱ π(u22) = z2✱ π(u33) = z̄1z̄2 ✐ π(uij) = 0 ❞❧❛

i 6= j, ❣❞③✐❡ |z1| = |z2| = 1✳

✷✳ r❡♣r❡③❡♥t❛❝❥❡ ③❞❡✜♥✐♦✇❛♥❡ ❥❛❦♦

π(u12) = πθ(v1), π(u23) = πθ(v2), π(u31) = ζ−mπθ(v
∗
2v

∗
1)

✐ π(uij) = 0 ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉✱ ❣❞③✐❡ πθ ❥❡st ♥✐❡♣r③②✇✐❡❞❧♥→ ∗✲r❡♣r❡③❡♥t❛❝❥→ ✭✇②♠✐❡r♥❡❥✮

❛❧❣❡❜r② r♦t❛❝❥✐ Aθ ③ ❣❡♥❡r❛t♦r❛♠✐ v1 ✐ v2 ♦r❛③ θ = k−m
3 ✳

✸✳ r❡♣r❡③❡♥t❛❝❥❡ ③❞❡✜♥✐♦✇❛♥❡ ❥❛❦♦

π(u13) = πθ′(w1), π(u21) = πθ′(w2), π(u32) = ζmπθ′(w
∗
2w

∗
1)

✐ π(uij) = 0 ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉✱ ❣❞③✐❡ πθ′ ❥❡st ♥✐❡♣r③②✇✐❡❞❧♥→ ∗✲r❡♣r❡③❡♥t❛❝❥→ ✭✇②♠✐❡r♥❡❥✮

❛❧❣❡❜r② Aθ′ ③ ❣❡♥❡r❛t♦r❛♠✐ w1 ✐ w2 ♦r❛③ θ′ = m−k
3 ✳
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❲ ♣r③②♣❛❞❦✉✱ ❣❞② k + m ∈ 3N✱ t❛❦➺❡ ♠♦➺♥❛ ♣♦❦❛③❛➣✱ ➺❡ ✐st♥✐❡❥→ ∗✲r❡♣r❡③❡♥t❛❝❥❡ ❛❧❣❡❜r②
Aq,−m,m(3) ③✇✐→③❛♥❡ ③ t♦r✉s❡♠ ♥✐❡♣r③❡♠✐❡♥♥②♠✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✾ ✭❬❍✷✱ Pr♦♣♦s✐t✐♦♥ ✻✳✶✹❪✮✳ ◆✐❡❝❤ σ ❜➛❞③✐❡ ❥❡❞♥→ ③ ♣❡r♠✉t❛❝❥✐ σa = (231) ❧✉❜

σb = (312) ♦r❛③ ♥✐❡❝❤ V1 ✐ V2 ❜➛❞→ ♦♣❡r❛t♦r❛♠✐ ✉♥✐t❛r♥②♠✐ ♥❛ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ s♣❡➟♥✐❛❥→❝②♠✐

r❡❧❛❝❥➛

V1V2 = c(σ)V2V1,

❣❞③✐❡ c(σa) = ζ−m✱ c(σb) = ζm✳ ❲ó✇❝③❛s π ③❞❡✜♥✐♦✇❛♥❡ ❥❛❦♦

π(u1σ(1)) = V1, π(u2σ(2)) = V2, π(u3σ(3)) = c(σ)V ∗
2 V

∗
1 , π(uij) = 0 ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉,

❥❡st ∗✲r❡♣r❡③❡♥t❛❝❥→ ❛❧❣❡❜r② Aq,−m,m(3)✳

❲➧ró❞ r♦❞③✐♥②Aq,k,m(3) s→ t❛❦➺❡ ♦❜✐❡❦t② ♣♦❝❤♦❞③→❝❡ ♦❞ ❣r✉♣ ❦❧❛s②❝③♥②❝❤✱ ♥❛ ♣r③②❦➟❛❞Aq,−m,m(3)
❞❧❛ m 6= 0 ✭❬❍✷✱ ❘❡♠❛r❦ ✻✳✶✷❪✮ ♦r❛③ Aq,0,0(3) ❞❧❛ q ∈ R\{−1, 0, 1} ✭❬❍✷✱ Pr♦♣♦s✐t✐♦♥ ✻✳✶✺❪✮✳ P♦❦❛③❛✲
➟❛♠ ❥❡❞♥❛❦✱ ➺❡ ❥❡st t❛❦➺❡ ❞✉➺♦ ❣r✉♣ ♥✐❡tr②✇✐❛❧♥②❝❤✿ ❞❧❛ k+m 6∈ 3N ✐ k 6= m❀ ❞❧❛ m 6= 0 ✐ k = 3−m
♦r❛③ ❞❧❛ k = m = 0 ✐ |q| = 1✱ q ∈ C \ R✳

◆✐❡❦tór❡ ❣r✉♣② ❦✇❛♥t♦✇❡ ♥❛❧❡➺→❝❡ ❞♦ ♣♦✇②➺s③②❝❤ r♦❞③✐♥ s→ ✐③♦♠♦r✜❝③♥❡✳ ❲ s③❝③❡❣ó❧♥♦➧❝✐ ➟❛t✇♦
s♣r❛✇❞③✐➣✱ ❦♦r③②st❛❥→❝ ③ ▲❡♠❛t✉ ✺✳✶ ✇ ❬❍✷❪✱ ➺❡ ❞❧❛ q ∈ C

∗ ✐ k,m ∈ {0, 1, 2} ♠❛♠②

SUq,m(3) ∼= SU 1
q
ζm,m(3).

♦r❛③
Aq,k,m(3) ∼= Aqζm−k,k,m(3)

∼= A 1
q
,3−k,3−m(3)

∼= A 1
q
ζm−k,3−m,3−k(3).

P♦❞s✉♠♦✇✉❥→❝ t❡♥ r♦③❞③✐❛➟✱ ❝❤❝✐❛➟❛❜②♠ ③❛✉✇❛➺②➣✱ ➺❡ ♠♦❥❡ ❜❛❞❛♥✐❛ ❦♦♥str✉❦❝❥✐ ❲♦r♦♥♦✇✐❝③❛
♣♦③✇♦❧✐➟② ♥✐❡ t②❧❦♦ ③❞❡✜♥✐♦✇❛➣ ♥♦✇❡ ❣r✉♣② ❦✇❛♥t♦✇❡✱ ✇ t②♠ SUq(3) ③ ③❡s♣♦❧♦♥②♠ ♣❛r❛♠❡tr❡♠
❞❡❢♦r♠❛❝❥✐ q✱ ❛❧❡ ♣r③❡❞❡ ✇s③②st❦✐♠ ③r♦③✉♠✐❡➣✱ ➺❡ ♣♦♠✐♠♦ ✇r❛➺❡♥✐❛ ♦❣ó❧♥♦➧❝✐ ❦♦♥str✉❦❝❥❛ t❛ ♥❛❦➟❛❞❛
❞♦➧➣ s✐❧♥❡ ✇✐➛③② ♥❛ ❜✉❞♦✇❛♥→ ❣r✉♣➛ ❦✇❛♥t♦✇→✳

✸✳✹ ●❡♦♠❡tr②❝③♥❡ ✇➟❛s♥♦➧❝✐ ♥✐❡♣r③❡♠✐❡♥♥②❝❤ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ❣r✉♣❛❝❤

❦✇❛♥t♦✇②❝❤

◆✐❡❝❤ (A,∆, ε) ❜➛❞③✐❡ ∗✲❜✐❛❧❣❡❜r→ ③ ❦♦♠♥♦➺❡♥✐❡♠ ∆ ✐ ❦♦❥❡❞②♥❦→ ε✳

❉❡❢✐♥✐❝❥❛ ✸✳✶✵✳ ❘♦❞③✐♥➛ ∗✲❤♦♠♦♠♦r✜③♠ó✇ ③❛❝❤♦✇✉❥→❝②❝❤ ❥❡❞②♥❦➛ (jst)0≤s≤t✱ ③❞❡✜♥✐♦✇❛♥②❝❤ ♥❛
∗✲❜✐❛❧❣❡❜r③❡ A ✐ ♦ ✇❛rt♦➧❝✐❛❝❤ ✇ ♥✐❡♣r③❡♠✐❡♥♥❡❥ ♣r③❡str③❡♥✐ ♣r♦❜❛❜✐❧✐st②❝③♥❡❥ (B,Φ) ✭∗✲❛❧❣❡❜r❛ ③
❥❡❞②♥❦→ 1B ✐ ✉st❛❧♦♥②♠ st❛♥❡♠✮ ♥❛③②✇❛♠② ♣r♦❝❡s❡♠ ▲é✈②✬❡❣♦ ♥❛ A ✭✇③❣❧➛❞❡♠ Φ✮✱ ❥❡➧❧✐ s♣❡➟♥✐♦♥❡
s→ ♥❛st➛♣✉❥→❝❡ ✇❛r✉♥❦✐✿

(i) ✭✇➟❛s♥♦➧➣ s❦➟❛❞❛♥✐❛ ♣r③②r♦stó✇✮ mB ◦ (jst⊗ jtu) ◦∆ = jsu ❞❧❛ ❞♦✇♦❧♥②❝❤ 0 ≤ s ≤ t ≤ u✱ ❣❞③✐❡
mB ♦③♥❛❝③❛ ♠♥♦➺❡♥✐❡ ✇ B❀

(ii) ✭♥✐❡③❛❧❡➺♥♦➧➣ ♣r③②r♦stó✇✮ ♦❜r❛③② ♦❞♣♦✇✐❛❞❛❥→❝❡ r♦③➟→❝③♥②♠ ♣r③❡❞③✐❛➟♦♠ ❦♦♠✉t✉❥→✱ t❥✳
[jst(A), js′t′(A)] = {0} ❞❧❛ 0 ≤ s ≤ t ≤ s′ ≤ t′✱ ❛ ✇❛rt♦➧❝✐ ♦❝③❡❦✐✇❛♥❡ ♦❞♣♦✇✐❛❞❛❥→❝❡
r♦③➟→❝③♥②♠ ♣r③❡❞③✐❛➟♦♠ ❢❛❦t♦r②③✉❥→ s✐➛✱ t❥✳

Φ(js1t1(a1) · · · jsntn(an)) = Φ(js1t1(a1)) · · ·Φ(jsntn(an)),
❞❧❛ ❞♦✇♦❧♥②❝❤ n ∈ N✱ a1, . . . , an ∈ A ✐ 0 ≤ s1 ≤ t1 ≤ . . . ≤ tn❀
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(iii) ✭st❛❝❥♦♥❛r♥♦➧➣ ♣r③②r♦stó✇✮ ❢✉♥❦❝❥♦♥❛➟② ϕst := Φ ◦ jst : A→ C ③❛❧❡➺→ t②❧❦♦ ♦❞ ró➺♥✐❝② t− s❀

(iv) ✭s➟❛❜❛ ❝✐→❣➟♦➧➣✮ lim
tցs

jst(a) = jss(a) = ε(a)1B ✭✇❡❞➟✉❣ r♦③❦➟❛❞✉✮ ❞❧❛ ❞♦✇♦❧♥❡❣♦ a ∈ A✳

❲ ❛♥❛❧♦❣✐✐ ❞♦ s②t✉❛❝❥✐ ❦❧❛s②❝③♥❡❥✱ ③ ❦❛➺❞②♠ ♣r♦❝❡s❡♠ ▲é✈②✬❡❣♦ (jst)0≤s≤t ③✇✐→③❛♥②❝❤ ❥❡st
❦✐❧❦❛ ♦❜✐❡❦tó✇❀ ③ ❞♦❦➟❛❞♥♦➧❝✐→ ❞♦ ♣❡✇♥②❝❤ ✉t♦➺s❛♠✐❡➠ s→ t♦ ♦❞♣♦✇✐❡❞♥✐♦➧❝✐ ❥❡❞♥♦③♥❛❝③♥❡ ✭✇✐➛❝❡❥
s③❝③❡❣ó➟ó✇ ♥❛ t❡♥ t❡♠❛t ♠♦➺♥❛ ③♥❛❧❡➵➣ ✇ ❬❙❝❤✾✸❪✮✳ P♦ ♣✐❡r✇s③❡✱ ❢✉♥❦❝❥♦♥❛➟② ϕt := ϕ0,t =
ϕs,t+s✱ t ≥ 0✱ t✇♦r③→ s➟❛❜♦ ❝✐→❣➟→ ♣ó➟❣r✉♣➛ s♣❧♦t♦✇→ st❛♥ó✇ ♥❛ A✳ ❉❧❛ t❛❦✐❡❥ ♣ó➟❣r✉♣② ✐st♥✐❡❥❡
t③✇✳ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ : A→ C✱ ③✇✐→③❛♥② ③ (ϕt)t≥0 ✇③♦r❡♠

ϕt = exp⋆ tψ = ε+ tψ +
t2

2
ψ ⋆ ψ + · · ·+ tn

n!
ψ⋆n + · · · .

Pr③②♣♦♠♥➛✱ ➺❡ ε ♦③♥❛❝③❛ t✉t❛❥ ❦♦❥❡❞②♥❦➛ ❛❧❣❡❜r② A✳ P♦♥❛❞t♦ ψ ⋆ φ = (ψ ⊗ φ) ◦∆✳

❉❡❢✐♥✐❝❥❛ ✸✳✶✶✳ ❖❞✇③♦r♦✇❛♥✐❡ ❧✐♥✐♦✇❡ ψ : A→ C ♥❛③②✇❛♠② ❢✉♥❦❝❥♦♥❛➟❡♠ ❣❡♥❡r✉❥→❝②♠✱ ❥❡➧❧✐ ❥❡st

• ③♥♦r♠❛❧✐③♦✇❛♥❡✱ ❝③②❧✐ ψ(1) = 0❀

• ❤❡r♠✐t♦✇s❦✐❡✱ ❝③②❧✐ ψ(a∗) = ψ(a) ❢♦r ❛❧❧ a ∈ A❀

• ✇❛r✉♥❦♦✇♦ ❞♦❞❛t♥✐♦ ♦❦r❡➧❧♦♥❡✱ ❝③②❧✐ ψ(a∗a) ≥ 0 ❞❧❛ a ∈ ker ε✳

❖❞✇r♦t♥✐❡✱ ♣♦♣r③❡③ ♦❞♣♦✇✐❡❞♥✐♦➧➣ ❙❝❤ö♥❜❡r❣❛✱ ③ ❢✉♥❦❝❥♦♥❛➟❡♠ ❣❡♥❡r✉❥→❝②♠ ♠♦➺♥❛ s❦♦❥❛r③②➣
♣ó➟❣r✉♣➛ s♣❧♦t♦✇→ st❛♥ó✇✱ ❛ ♥❛st➛♣♥✐❡ ✭❬❙❝❤✾✸✱ ❙❡❝t✐♦♥ ✶✳✾❪✮ ♦❞③②s❦❛➣ ♣r♦❝❡s ▲é✈②✬❡❣♦✳

❉❧❛ ♣r♦❝❡s✉ ▲é✈②✬❡❣♦ (jst)0≤s≤t ✐ ③✇✐→③❛♥❡❣♦ ③ ♥✐♠ ❢✉♥❦❝❥♦♥❛➟✉ ❣❡♥❡r✉❥→❝❡❣♦ ψ ♠♦➺❡♠② t❛❦➺❡
✉t✇♦r③②➣ ♦♣❡r❛t♦r ❧✐♥✐♦✇② ✭t③✇✳ ♦♣❡r❛t♦r s♣❧♦t♦✇②✮ Tψ : A→ A✱ ③❞❡✜♥✐♦✇❛♥② ❥❛❦♦ Tψ = (id⊗ψ)◦∆✱
♦r❛③ ♣ó➟❣r✉♣➛ ♦♣❡r❛t♦ró✇ ✭t③✇✳ ♣ó➟❣r✉♣➛ ▼❛r❦♦✇❛ ♥❛ A✮ Tt : A→ A✱

Tt = (id⊗ ϕt) ◦∆, t ≥ 0. ✭✾✮

❇❛r❞③♦ ✇❛➺♥②♠ ✇♠♦✐❝❤ ❜❛❞❛♥✐❛❝❤ ♦❜✐❡❦t❡♠ ③✇✐→③♥②♠ ③ ❞❛♥②♠ ♣r♦❝❡s❡♠ ▲é✈②✬❡❣♦ ❥❡st t③✇✳ tró❥❦❛
❙❝❤ür♠❛♥♥❛✳ ❲ ♦❣ó❧♥♦➧❝✐ ♠♦➺❡ ♦♥❛ ❜②➣ ③❞❡✜♥✐♦✇❛♥❛ ♥❛ ❞♦✇♦❧♥❡❥ ∗✲❛❧❣❡❜r③❡ ③ ✇②ró➺♥✐♦♥②♠ ∗✲
❝❤❛r❛❦t❡r❡♠✸✳

❉❡❢✐♥✐❝❥❛ ✸✳✶✷✳ ❚ró❥❦→ ❙❝❤ür♠❛♥♥❛ ♥❛ (A, ε) ♥❛③②✇❛♠② tró❥❦➛ (ρ, η, ψ) ③➟♦➺♦♥→ ③✿

• ∗✲r❡♣r❡③❡♥t❛❝❥✐ ③❛❝❤♦✇✉❥→❝❡❥ ❥❡❞②♥❦➛ ρ : A → L(H) ❞③✐❛➟❛❥→❝❡❥ ♥❛ ♣❡✇♥❡❥ ♣r③❡str③❡♥✐ ✉♥✐✲
t❛r♥❡❥ H❀

• ρ✲ε✲❦♦❝②❦❧✉ η✱ ❝③②❧✐ ♦❞✇③♦r♦✇❛♥✐❛ ❧✐♥✐♦✇❡❣♦ η : A→ H s♣❡➟♥✐❛❥→❝❡❣♦

η(ab) = ρ(a)η(b) + η(a)ε(b), a, b ∈ A, ✭✶✵✮

• ❢✉♥❦❝❥♦♥❛➟✉ ❧✐♥✐♦✇❡❣♦ ψ : A→ H s♣❡➟♥✐❛❥→❝❡❣♦ ✇❛r✉♥❡❦

ψ(ab) = ψ(a)ε(b) + 〈η(a∗), η(b)〉+ ε(a)ψ(b), a, b ∈ A. ✭✶✶✮
✸❚③♥✳ ❢✉♥❦❝❥♦♥❛➟❡♠ ε : A → C s♣❡➟♥✐❛❥→❝②♠ ✇❛r✉♥❦✐ ε(ab) = ε(a)ε(b)✱ ε(1A) = 1 ✐ ε(a∗) = ε(a) ❞❧❛ a, b ∈ A✳

✶✹



▼❛❥→❝ ❞❛♥② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ ③❛✇s③❡ ♠♦➺❡♠② ✭♣♦♣r③❡③ ❦♦♥str✉❦❝❥➛ t②♣✉ ●◆❙✱ ❬❙❝❤✾✸❪✮
✉t✇♦r③②➣ tró❥❦➛ ❙❝❤ür♠❛♥♥❛ (ρ, η, ψ)❀ ❜➛❞③✐❡ ♦♥❛ ❥❡❞♥♦③♥❛❝③♥✐❡ ✇②③♥❛❝③♦♥❛ ♦ ✐❧❡ ③❛➟♦➺②♠②✱ ➺❡
η(A) ❥❡st t♦t❛❧♥② ✇ H✳ ❩ ❦♦❧❡✐ ❦❛➺❞② ❢✉♥❦❝❥♦♥❛➟ ψ ③ tró❥❦✐ ❙❝❤ür♠❛♥♥ ♣r♦✇❛❞③✐ ❞♦ ❢✉♥❦❝❥♦♥❛➟✉
❣❡♥❡r✉❥❛❝❡❣♦ ✭♣r③❡③ ♦♣❡r❛❝❥➛ ✬❤❡r♠✐❝❥❛♥✐③❛❝❥✐✬✿ ψ 7→ ψ + ψ✱ ❣❞③✐❡ ψ(a) = ψ(a∗)✮✳

❉❧❛ ❧❡♣s③❡❣♦ ③♦❜r❛③♦✇❛♥✐❛✱ ❝③②♠ s→ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ✐ tró❥❦❛ ❙❝❤ür♠❛♥♥❛ ❞❛♥❡❣♦ ♣r♦✲
❝❡s✉✱ ♣r③②t♦❝③➛ t❡r❛③ ❞✇❛ ♣r③②❦➟❛❞② ✕ ❥❡❞❡♥ ♣♦❝❤♦❞③→❝② ♦❞ ❦❧❛s②❝③♥❡❣♦ ♣r♦❝❡s✉ ❲✐❡♥❡r❛ ✭r✉❝❤✉
❇r♦✇♥❛✮✱ ❛ ❞r✉❣✐ ③✇✐→③❛♥② ③ ♥✐❡♣r③❡♠✐❡♥♥②♠ ❛♥❛❧♦❣✐❡♠ ♣r♦❝❡s✉ P♦✐ss♦♥❛✳ ❉♦❦➟❛❞♥✐❡❥s③❡ ♦♣✐s② ♦❜✉
♣r③②❦➟❛❞ó✇ ♠♦➺♥❛ ③♥❛❧❡➵➣ ♥♣✳ ✇ ❬✷❪ ✭❊①❛♠♣❧❡ ✷✳✺ ✐ Pr♦♣♦s✐t✐♦♥ ✷✳✽✮✳

Pr③②❦➟❛❞ ✸✳✶✸✳ ◆✐❡❝❤ (Xt)t≥0 ❜➛❞③✐❡ ✭❦❧❛s②❝③♥②♠✮ r✉❝❤❡♠ ❇r♦✇♥❛ ③ ❞r②❢❡♠ ♥❛ ♣r③❡str③❡♥✐ ♣r♦❜✲
❛❜✐❧✐st②❝③♥❡❥ (Ω,F , P )✱ ♦ ✇❛rt♦➧❝✐❛❝❤ ✇ R✱ t③♥✳ ❞❧❛ ♣❡✇♥②❝❤ ♣❛r❛♠❡tró✇ d, σ ∈ R ♠❛♠②

E(eiuXt) = et(idu−
σ2

2
u2), u ∈ R.

◆✐❡❝❤ t❡r❛③A = C[x] ❜➛❞③✐❡ ✉♥✐✇❡rs❛❧♥→ ∗✲❛❧❣❡❜r→ ③ ❥❡❞②♥❦→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ ❥❡❞❡♥✱ s②♠❡tr②❝③♥②
❡❧❡♠❡♥t x = x∗ ✐ ③❛❞❛❥♠② ♥❛ A st✉r✉❦t✉r➛ ∗✲❜✐❛❧❣❡❜r② ♣♦♣r③❡③ ❧✐♥✐♦✇❡ ✐ ♠✉❧t✐♣❧✐❦❛t②✇♥❡ r♦③s③❡r③❡✲
♥✐❡ ✇③♦ró✇ ∆(x) = x ⊗ 1 + 1 ⊗ x✱ ε(x) = 0 ✭③❛t❡♠ ε(p) = p(0) ❞❧❛ p ∈ C[x]✮✳ P♦♥❛❞t♦ ♥✐❡❝❤
B = Pol(X) ❜➛❞③✐❡ ❛❧❣❡❜r→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ {Xt, t ≥ 0} ③ ✇❛rt♦➧❝✐→ ♦❝③❡❦✐✇❛♥→ ❥❛❦♦ st❛♥❡♠
Φ = E✳ ❲ó✇❝③❛s ♣r♦❝❡ss ❦❧❛s②❝③♥② (Xt)t≥0 ❞❡✜♥✐✉❥❡ ♣r♦❝❡s ♥✐❡♣r③❡♠✐❡♥♥② (jst)0≤s≤t ♥❛ A = C[x]
♦ ✇❛rt♦➧❝✐❛❝❤ ✇ B = Pol(X)✱ ✇③♦r❡♠

jst(x
k) = (Xt −Xs)

k, 0 ≤ s ≤ t.

❋✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ③✇✐→③❛♥② ③ t②♠ ♣r♦❝❡s❡♠ ❥❡st ♣♦st❛❝✐

ψ(p) = dp′(0) +
σ2

2
p′′(0) ❞❧❛ p ∈ C[x].

P♦③♦st❛➟❡ ❞✇❛ ❡❧❡♠❡♥t② ③ tró❥❦✐ ❙❝❤ür♠❛♥♥❛ ❜➛❞→ ✇t❡❞② ♥❛st➛♣✉❥→❝❡❥ ♣♦st❛❝✐ ✭➟❛t✇♦ s♣r❛✇❞③✐➣✱ ➺❡
s♣❡➟♥✐♦♥❡ ❜➛❞→ ✇❛r✉♥❦✐ ✭✶✵✮ ✐ ✭✶✶✮✮✿ r❡♣r❡③❡♥t❛❝❥❛ ρ ❜➛❞③✐❡ ❞③✐❛➟❛➣ ♥❛ ♣r③❡str③❡♥✐ H = C ✇③♦r❡♠

ρ(p)(λ) = p(0)λ, p ∈ C[x],

❛ ❦♦❝②❦❧ η : A→ H ❜➛❞③✐❡ ❞❛♥② ✇③♦r❡♠

η(p) = σp′(0), p ∈ C[x].

Pr③②❦➟❛❞ ✸✳✶✹✳ ◆✐❡❝❤ A ❜➛❞③✐❡ ∗✲❜✐❛❧❣❡❜r→✱ ϕ ❜➛❞③✐❡ st❛♥❡♠ ♥❛ A✱ ❛ λ > 0 ❜➛❞③✐❡ st❛➟→ r③❡❝③②✲
✇✐st→✳ ❲ó✇❝③❛s ψ(a) := λ[ϕ(a)−ε(a)]✱ a ∈ A✱ s♣❡➟♥✐❛ ✇❛r✉♥❦✐ ❞❡✜♥✐❝❥✐ ✸✳✶✶✱ ❝③②❧✐ ❥❡st ❢✉♥❦❝❥♦♥❛➟❡♠
❣❡♥❡r✉❥→❝②♠ ❥❛❦✐❡❣♦➧ ♣r♦❝❡s✉ ▲é✈②✬❡❣♦ ♥❛ A✳ Pr♦❝❡s t❡♥ ♥❛③②✇❛♠② ✭♥✐❡♣r③❡♠✐❡♥♥②♠✮ ③➟♦➺♦♥②♠
♣r♦❝❡s❡♠ P♦✐ss♦♥❛✱ ❛ ψ ✕ ❣❡♥❡r❛t♦r❡♠ t②♣✉ P♦✐ss♦♥❛✳ ❚ró❥❦➛ ❙❝❤ür♠❛♥♥❛ ③✇✐→③❛♥→ ③ t②♠ ♣r♦❝❡s❡♠
✉t✇♦r③→✿

• H = L2(A,ϕ) ❥❡st ♣r③❡str③❡♥✐→ ❍✐❧❜❡rt❛ ♣♦✇st❛➟→ ③ ❦♦♥str✉❦❝❥✐ ●◆❙✱ ❛ ρ ❥❡st r❡♣r❡③❡♥t❛❝❥→
✭❧❡✇→✮ r❡❣✉❧❛r♥→✿ ρ(a)[b] = [ab]✱ a ∈ A✱ [b] ∈ L2(A,ϕ)❀

✶✺



• ξ ∈ L2(A,ϕ) ❥❡st ✇❡❦t♦r❡♠ ❝②❦❧✐❝③♥②♠ ✇ L2(A,ϕ)✱ ❛ ❦♦❝②❦❧ η : A → H ❞❡✜♥✐✉❥❡♠② ❥❛❦♦
η(a) = [ϕ(a)− ε(a)]ξ✳

▼❛♠② ✇ó✇❝③❛s ψ(a) = 〈ξ, (ρ − ε)(a)ξ〉H ✱ a ∈ A✳ ❖❞✇r♦t♥✐❡✱ ❦❛➺❞② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② t❛❦✐❡❥
♣♦st❛❝✐ ✭❞❧❛ ♣❡✇♥❡❥ ∗✲r❡♣r❡③❡♥t❛❝❥✐ ρ ✐ ♣❡✇♥❡❣♦ ✇❡❦t♦r❛ ξ ∈ H✮ ❥❡st ❣❡♥❡r❛t♦r❡♠ t②♣✉ P♦✐ss♦♥❛✳

P♦❞s✉♠♦✇✉❥→❝ t❡♥ ✇st➛♣✱ ♠♦➺❡♠② ♥❛r②s♦✇❛➣ ♥❛st➛♣✉❥→❝② s❝❤❡♠❛t ♦❜✐❡❦tó✇ ③✇✐→③❛♥②❝❤ ③
♣r♦❝❡s❛♠✐ ▲é✈②✬❡❣♦✳

♣r♦❝❡s ▲é✈②✬❡❣♦

(jst)0≤s≤t
↔ ♣ó➟❣r✉♣❛

st❛♥ó✇ (ϕt)t≥0

↔ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②

ψ : A → C
↔ tró❥❦❛ ❙❝❤ür♠❛♥♥❛

(π, η, L)

l l
♣ó➟❣r✉♣❛

▼❛r❦♦✈❛ (Tt)t≥0

↔ ♦♣❡r❛t♦r s♣❧♦t♦✇②

Tψ : A→ A

❏❛❦ ✇②❥❛➧♥✐➟❛♠ ✇ P♦❞r♦③❞③✐❛❧❡ ✸✳✸✱ ❦❛➺❞❛ ③✇❛rt❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ G = (C(G),∆) ③❛✇✐❡r❛ ✇
s♦❜✐❡ ❣➛st→ ∗✲❜✐❛❧❣❡❜r➛ A = Pol(G)✳ P♦♣r③❡③ ♣r♦❝❡s ▲é✈②✬❡❣♦ ♥❛ G r♦③✉♠✐❡♠② ♣r♦❝❡s ▲é✈②✬❡❣♦ ♥❛
∗✲❜✐❛❧❣❡❜r③❡ Pol(G) ✇ s❡♥s✐❡ ❉❡✜♥✐❝❥✐ ✸✳✶✵✳ ❩✇✐→③❛♥❡ ③ ♣r♦❝❡s❡♠ ▲é✈②✬❡❣♦ ♥❛ G ♣ó➟❣r✉♣❛ st❛♥ó✇✱
♣ó➟❣r✉♣❛ ▼❛r❦♦✇❛ ❝③② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ❜➛❞→ ③❞❡✜♥✐♦✇❛♥❡ ❛ ♣r✐♦r✐ ♥❛ ❣➛st②♠ ♣♦❞③❜✐♦r③❡
C(G)✳ ❉♦t②❝③② t♦ t❛❦➺❡ ❡❧❡♠❡♥tó✇ tró❥❦✐ ❙❝❤ür♠❛♥♥❛✱ ❛❧❡ ❞❧❛ ✇②❣♦❞② ❜➛❞③✐❡♠② ♣✐s❛❧✐ tró❥❦❛
❙❝❤ür♠❛♥♥❛ ♥❛ G ❞❧❛ ♦③♥❛❝③❡♥✐❛ tró❥❦✐ ❙❝❤ür♠❛♥♥❛ ♥❛ (Pol(G), ε) ✇ s❡♥s✐❡ ❉❡✜♥✐❝❥✐ ✸✳✶✷✳ ❲
t②♠ ♠✐❡❥s❝✉ ✇❛rt♦ ✇s♣♦♠♥✐❡➣✱ ➺❡ ❣❞② G = (C(G), u) ❥❡st ③✇❛rt→ ♠❛❝✐❡r③♦✇→ ❣r✉♣→ ❦✇❛♥t♦✇→✱
t♦ ❜❡③ str❛t② ♦❣ó❧♥♦➧❝✐ ♠♦➺❡♠② ③❛➟♦➺②➣✱ ➺❡ r❡♣r❡③❡♥t❛❝❥❛ ρ ♣r③②❥♠✉❥❡ ✇❛rt♦➧❝✐ ✇ B(H)✱ ❛❧❣❡❜r③❡
♦♣❡r❛t♦ró✇ ❧✐♥✐♦✇②❝❤ ✐ ❝✐→❣➟②❝❤ ♥❛ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ H✳ ❈♦ ✇✐➛❝❡❥✱ ❡❧❡♠❡♥t② tró❥❦✐ ❙❝❤ür♠❛♥♥❛
❜➛❞→ ✇ó✇❝③❛s ❥❡❞♥♦③♥❛❝③♥✐❡ ✇②③♥❛❝③♦♥❡ ♣r③❡③ s✇♦❥❡ ✇❛rt♦➧❝✐ ♥❛ ❣❡♥❡r❛t♦r❛❝❤ ujk ✭j, k = 1, . . . , n✮✱
❝③②❧✐ ✇s♣ó➟❝③②♥♥✐❦❛❝❤ ♠❛❝✐❡r③② u✳ ❲❛rt♦➧❝✐ ♥❛ ❥❡❞②♥❝❡ ❛❧❣❡❜r② 1 ❜➛❞→ ③❛✇s③❡ ♥❛st➛♣✉❥→❝❡✿ ρ(1) =
I✱ η(1) = 0 ✐ ψ(1) = 0✳

❇❛❞❛♥✐❡ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ❣r✉♣❛❝❤ ❦✇❛♥t♦✇②❝❤ st❛♥♦✇✐ ❣➟ó✇♥② ❝❡❧ ♦❜s③❡r♥❡❥ ✭✺✻✲str♦♥✐❝♦✇❡❥✮
♣r❛❝② ❬❍✸❪✱ ♣♦✇st❛➟❡❥ ✇❡ ✇s♣ó➟♣r❛❝② ③ ❋✳ ❈✐♣r✐❛♥✐♠ ✐ ❯✳ ❋r❛♥③❡♠✳ P♦♥✐➺❡❥ ♦♣✐s✉❥➛ ❝③t❡r② ♥❛✲
❥✇❛➺♥✐❡❥s③❡ t❡♠❛t② ♣♦r✉s③❛♥❡ ✇ ♣r❛❝②✳

P✐❡r✇s③②♠ t❡♠❛t❡♠ ♣♦❞❥➛t②♠ ✇ ♣r❛❝② ❬❍✸❪ ❜②➟ ③✇✐→③❡❦ ♣♦♠✐➛❞③② ♣r♦❝❡s❛♠✐ ▲é✈②✬❡❣♦ ♥❛ A =
Pol(G) ✐ ❦✇❛♥t♦✇②♠✐ ♣ó➟❣r✉♣❛♠✐ ▼❛r❦♦✇❛ ♥❛ ❈∗✲❛❧❣❡❜r③❡ C(G)✳ P♦❞ t②♠ ♦st❛t♥✐♠ ♣♦❥➛❝✐❡♠
❦r②❥❡ s✐➛ s✐❧♥✐❡ ❝✐→❣➟❛ ♣ó➟❣r✉♣❛ ♦♣❡r❛t♦ró✇ ♥❛ A✱ ❜➛❞→❝②❝❤ ❝❛➟❦♦✇✐❝✐❡ ❞♦❞❛t♥✐♠✐ ❦♦♥tr❛❦❝❥❛♠✐✱
③❛❝❤♦✇✉❥→❝②♠✐ ❥❡❞②♥❦➛✳ ❯❞♦✇♦❞♥✐❧✐➧♠②✱ ➺❡ ♣ó➟❣r✉♣❛ ▼❛r❦♦✇❛ (Tt)t≥0 ♥❛ A ✭❞❛♥❛ ✇③♦r❡♠ ✭✾✮✮
♠❛ ❥❡❞♥♦③♥❛❝③♥❡ r♦③s③❡r③❡♥✐❡ ❞♦ ❦✇❛♥t♦✇❡❥ ♣ó➟❣r✉♣② ▼❛r❦♦✇❛ ♥❛ ③r❡❞✉❦♦✇❛♥❡❥ ❈∗✲❛❧❣❡❜r③❡ ❬❍✸✱
❚❤❡♦r❡♠ ✸✳✷❪✳ ✭■st♥✐❡❥❡ t❛❦➺❡ t❛❦✐❡ r♦③s③❡r③❡♥✐❡ ♥❛ ♣❡➟♥→ ❈∗✲❛❧❣❡❜r➛✳✮ P♦♥❛❞t♦ ✇②❦❛③❛❧✐➧♠②✱ ➺❡
❝❤❛r❛❦t❡r②③❛❝❥❛ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ❣r✉♣❛❝❤ t♦♣♦❧♦❣✐❝③♥②❝❤ ❥❛❦♦ t②❝❤ ♣r♦❝❡só✇ ▼❛r❦♦✈❛✱ ❦tór❡
s→ ♥✐❡③♠✐❡♥♥✐❝③❡ ♥❛ tr❛♥s❧❛❝❥❡ ✇ ❝③❛s✐❡ ✐ ✇ ♣r③❡str③❡♥✐✱ ♣♦③♦st❛❥❡ ✇ ♠♦❝② ✇ ❦♦♥t❡❦➧❝✐❡ ③✇❛rt②❝❤
❣r✉♣ ❦✇❛♥t♦✇②❝❤✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✶✺ ✭❬❍✸✱ ❚❤❡♦r❡♠ ✸✳✹❪✮✳ ◆✐❡❝❤ G = (C(G),∆) ❜➛❞③✐❡ ③✇❛rt→ ❣r✉♣❛ ❦✇❛♥t♦✇→ ✐

♥✐❡❝❤ (Tt)t≥0 ❜➛❞③✐❡ ❦✇❛♥t♦✇→ ♣ó➟❣r✉♣→ ▼❛r❦♦✇❛ ♥❛ C(G)✳ ❲t❡❞② (Tt)t≥0 ♣♦❝❤♦❞③✐ ♦❞ ✭✇②③♥❛❝✲

③♦♥❡❣♦ ❥❡❞♥♦③♥❛❝③♥✐❡✮ ♣r♦❝❡s✉ ▲é✈②✬❡❣♦ ♥❛ Pol(G) ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② Tt ❥❡st ♥✐❡③♠✐❡♥♥✐❝③② ♥❛

tr❛♥s❧❛❝❥✐❡ ✇③❣❧➛❞❡♠ ❦♦♠♥♦➺❡♥✐❛ ❞❧❛ t ≥ 0✱ t③♥✳

∆ ◦ Tt = (id⊗ Tt) ◦∆.

✶✻



❉r✉❣✐♠ t❡♠❛t❡♠ ♣♦❞❥➛t②♠ ✇ ♣r❛❝② ❬❍✸❪ ❜②➟♦ ❜❛❞❛♥✐❡ ❞✇ó❝❤ r♦❞③❛❥ó✇ s②♠❡tr✐✐ ❦✇❛♥t♦✇②❝❤
♣ó➟❣r✉♣ ▼❛r❦♦✇❛ ③✇✐→③❛♥②❝❤ ③ ♣r♦❝❡s❛♠✐ ▲é✈②✬❡❣♦✱ ❛ ❥❡❞♥②♠ ③ ❡❢❡❦tó✇ ❜②➟♦ ③♥❛❧❡③✐❡♥✐❡ ➟❛❞♥❡❥
✐❝❤ ❝❤❛r❛❦t❡r②③❛❝❥✐ ✇ ❥➛③②❦✉ ✇➟❛s♥♦➧❝✐ ❢✉♥❦❝❥♦♥❛➟ó✇ ❣❡♥❡r✉❥→②❝❤✳ ❘♦③✇❛➺❛♥❡ s②♠❡tr✐❡ t♦ q✉❛♥t✉♠

❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡ ♦r❛③ s②♠❡tr✐❛ ❑▼❙✱ ❜❛❞❛♥❡ ❥✉➺ ✇❝③❡s♥✐❡❥ ✇ ❦♦♥t❡❦➧❝✐❡ ❈∗✲❛❧❣❡❜r ✐ ❛❧❣❡❜r ✈♦♥
◆❡✉♠❛♥♥❛ ✭❬❄❪✱ ❬❇❘✾✼❪✱ ❬❋❯✵✼❪ t♦ t②❧❦♦ ❦✐❧❦❛ ✇②❜r❛♥②❝❤ ♣♦③②❝❥✐✮✳ ❲ ♥❛s③❡❥ s②t✉❛❝❥✐✱ ♣♦❝❤♦❞③→ ♦♥❡
♦❞ ❞✇ó❝❤ ③❛♥✉r③❡➠ A = Pol(G) ✇ ♣r③❡str③❡➠ L2(A, h)✳

◆✐❡❝❤ L2(A, h) ♦③♥❛❝③❛ ♣r③❡str③❡➠ ❍✐❧❜❡rt❛ ♣♦❝❤♦❞③❛❝→ ③ ❦♦♥str✉❦❝❥✐ ●◆❙ ❞❧❛ st❛♥✉ ❍❛❛r❛ h
✐ ♥✐❡❝❤ ξh ♦③♥❛❝③❛ ✇❡❦t♦r ❝②❦❧✐❝③♥②✱ ③❛t❡♠ h(a) = 〈ξh, aξh〉L2 ✳ ◆✐❡❝❤ i : A 7→ L2(A, h) ❜➛❞③✐❡
③❛♥✉r③❡♥✐❡♠ ✭✐♥❥❡❦t②✇♥②♠ ❤♦♠♦♠♦r✜③♠❡♠✮ A ✇ L2(A, h)✳ P♦✇✐❡♠②✱ ➺❡ ♦♣❡r❛t♦r T : A → A ❥❡st
i✲s②♠❡tr②❝③♥②✱ ❥❡➧❧✐

〈

i(a), i(Tb)
〉

L2 =
〈

i(Ta), i(b)
〉

L2 , a, b ∈ A.

❏❡➧❧✐ ❜➛❞③✐❡♠② r♦③♣❛tr②✇❛➣ ♥❛t✉r❛❧♥❡ ③❛♥✉r③❡♥✐❡

ih : A ∋ a→ aξh ∈ L2(A, h), ✭✶✷✮

t♦ ih✲s②♠❡tr✐❛ ♦♣❡r❛t♦ró✇ Tt✱ t ≥ 0✱ ♦③♥❛❝③❛ ❞♦❦➟❛❞♥✐❡✱ ➺❡ ♣ó➟❣r✉♣❛ ▼❛r❦♦✈❛ (Tt)t≥0 s♣❡➟♥✐❛
✇❛r✉♥❡❦ q✉❛♥t✉♠ ❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡✱ t❥✳

h
(

aTt(b)
)

= h
(

Tt(a)b
)

❞❧❛ a, b ∈ A, t ≥ 0. ✭✶✸✮

❩ ❞r✉❣✐❡❥ str♦♥②✱ ❥❡➧❧✐ r♦③✇②➺❛♠② ③❛♥✉r③❡♥✐❡ s②♠❡tr②❝③♥❡

is : A ∋ a 7→ is(a) = σ− i
4
(a)ξh ∈ L2(A, h), ✭✶✹✮

❣❞③✐❡ (σt)t∈R ❥❡st ❣r✉♣→ ❛✉t♦♠♦r✜③♠ó✇ ♠♦❞✉❧❛r♥②❝❤ ✭str♦♥❛ ✺✮✱ t♦ is✲s②♠❡tr✐❛ ♦♣❡r❛t♦ró✇ Tt ♦③✲
♥❛❝③❛ s②♠❡tr✐➛ ❑▼❙ ♣ó➟❣r✉♣② (Tt)t≥0✱ ❝③②❧✐

h
(

aTt(b)
)

= h
(

σ i
2
(b)Tt(σ− i

2
(a))

)

❞❧❛ a, b ∈ A, t ≥ 0. ✭✶✺✮

❖❦❛③✉❥❡ s✐➛✱ ➺❡ ♦❜❛ ✇❛r✉♥❦✐ ♠♦❣→ ❜②➣ ✇②❣♦❞♥✐❡ s❝❤❛r❛❦t❡r②③♦✇❛♥❡ ♣♦♣r③❡③ ♣❡✇♥❡ ♥✐❡③♠✐❡♥✲
♥✐❝③♦➧❝✐ ❢✉♥❦❝❥♦♥❛➟✉ ❣❡♥❡r✉❥→❝❡❣♦✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✶✻ ✭❬❍✸✱ ❚❤❡♦r❡♠ ✹✳✶✶❪✮✳ ◆✐❡❝❤ (Tt)t≥0 ❜➛❞③✐❡ ♣ó➟❣r✉♣→ ▼❛r❦♦✇❛ ♣r♦❝❡s✉ ▲é✈②✬❡❣♦

♥❛ A ③ ❢✉♥❦❝❥♦♥❛➟❡♠ ❣❡♥❡r✉❥→❝②♠ ψ✳

✭a✮ (Tt)t≥0 s♣❡➟♥✐❛ ✇❛r✉♥❡❦ q✉❛♥t✉♠ ❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡ ✭✶✸✮ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ψ ◦ S = ψ
✭♣♦✇✐❡♠② ✇t❡❞②✱ ➺❡ ψ ❥❡st ●◆❙✲s②♠❡tr②❝③♥②✮✳

✭b✮ (Tt)t≥0 ❥❡st ❑▼❙✲s②♠❡tr②❝③♥❛ ✭✶✺✮ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ψ ◦R = ψ ✭♣♦✇✐❡♠② ✇t❡❞②✱ ➺❡ ψ
❥❡st ❑▼❙✲s②♠❡tr②❝③♥②✮✳

❯♥✐t❛r♥❛ ❦♦♦❞✇r♦t♥♦➧➣ R✱ ♣♦❥❛✇✐❛❥→❝❛ s✐➛ ✇ ♣♦✇②➺s③②♠ t✇✐❡r❞③❡♥✐✉✱ ♣♦s✐❛❞❛ ❞✉➺♦ ❧❡♣s③❡
✇➟❛s♥♦➧❝✐ ♥✐➺ ③✇②❦➟❛ ❦♦♦❞✇r♦t♥♦➧➣ S✿ ③❛❝❤♦✇✉❥❡ ❞♦❞❛t♥✐♦➧➣✱ ❥❡st ❤❡r♠✐t♦✇s❦❛ ✐ ✐❞❡♠♣♦t❡♥t♥❛
✭R2 = 1✮✳ ❉③✐❡❦✐ t❡♠✉ ③❛❝❤♦✇✉❥❡ t❛❦➺❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡ ✕ ♠♦➺❡♠② ③❛t❡♠ ♣r③❡❦s③t❛➟❝✐➣
❞♦✇♦❧♥② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥❛❝② ψ ❞♦ ❢✉♥❦❝❥♦♥❛➟✉ ψ + ψ ◦R✱ ❦tór② ♣♦♥❛❞t♦ ❥❡st ❑▼❙✲s②♠❡tr②❝③♥②
❬❍✸✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶❪✳ ❲ ❬❍✸✱ ❚❤❡r♦❡♠ ✺✳✹❪ ♣r③❡❞st❛✇✐❧✐➧♠② ♣r③❡❦s③t❛➟❝❡♥✐❡ tró❥❦✐ ❙❝❤ür♠❛♥♥❛
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♦❞♣♦✇✐❛❞❛❥→❝❡ tr❛♥s❢♦r♠❛❝❥✐ ψ → ψ+ψ ◦R✳ ❲ s③❝③❡❣ó❧♥♦➧❝✐ ♣♦❦❛③❛❧✐➧♠②✱ ➺❡ ❥❡➧❧✐ η ❥❡st ❦♦❝②❦❧❡♠
❞❧❛ ψ✱ t♦ ❢✉♥❦❝❥♦♥❛➟♦✇✐ ψ ◦ R ♦❞♣♦✇✐❛❞❛ ❦♦❝②❦❧ ♣♦st❛❝✐ η̄(a) = ι[η(R(a∗))]✱ ❣❞③✐❡ ι : H → H̄
❥❡st ❦❛♥♦♥✐❝③♥②♠ ✐③♦♠♦r✜③♠❡♠ ♥❛ ♣r③❡str③❡➠ s♣r③➛➺♦♥→ H̄✳ ❲②♥✐❦ t❡♥ ✇②❦♦r③②st❛❧✐➧♠② ♣ó➵♥✐❡❥ ❞♦
✉♣r♦s③❝③❡♥✐❛ ✇❛r✉♥❦✉ ♥❛ ✇➟❛s♥♦➧➣ ❍❛❛❣❡r✉♣❛ ❞②s❦r❡t♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ ✭♣❛tr③ str♦♥❛ ✷✺✮✳

❚r③❡❝✐ ✇❛➺♥② t❡♠❛t ♦♣✐s❛♥② ✇ ❬❍✸❪ t♦ ❝❤❛r❛❦t❡r②③❛❝❥❛ ♣ó➟❣r✉♣ ▼❛r❦♦✈❛ ♥✐❡③♠✐❡♥♥✐❝③②❝❤ ✇③❣❧➛✲
❞❡♠ s♣r③➛➺❡♥✐❛ ✭ad✲♥✐❡③♠✐❡♥♥✐❝③②❝❤✮✳ ❖❞✇③♦r♦✇❛♥✐❡ T : A → A ♥❛③②✇❛♠② ad✲♥✐❡③♠✐❡♥♥✐❝③②♠✱
❥❡➧❧✐

(id⊗ T ) ◦ ad = ad ◦ T,
❣❞③✐❡ ad : A → A ⊗ A✱ ad(a) = a(1)S(a(3)) ⊗ a(2) ✭❦♦r③②st❛♠ ③ ♥♦t❛❝❥✐ ❙✇❡❡❞❧❡r❛✮✳ ❲ ❬❍✸✱
❈♦r♦❧❧❛r② ✻✳✽❪ ♣♦❦❛③❛❧✐➧♠②✱ ➺❡ ♣ó➟❣r✉♣❛ ▼❛r❦♦✈❛ (Tt)t ❥❡st ❛❞✲♥✐❡③♠✐❡♥♥✐❝③❛ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱
❣❞② ♦❞♣♦✇✐❛❞❛❥→❝② ❥❡❥ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ s♣❡➟♥✐❛ ✇❛r✉♥❡❦

(id⊗ ψ) ◦ ad = ψ1A. ✭✶✻✮

❋✉♥❦❝❥♦♥❛➟② ❛❞✲♥✐❡♠✐❡♥♥✐❝③❡✱ ❝③②❧✐ s♣❡➟♥✐❛❥→❝❡ ✇❛r✉♥❡❦ ✭✶✻✮✱ ♠♦❣→ ❜②➣ s❝❤❛r❛❦t❡r②③♦✇❛♥❡ ❥❛❦♦
❡❧❡♠❡♥t② ❝❡♥tr✉♠ ♣r③❡str③❡♥✐ ❞✉❛❧♥❡❥ A′✱ ♣❛tr③ ❬❍✸✱ Pr♦♣♦s✐t✐♦♥ ✻✳✷❪✱ ❝♦ ♣♦t✇✐❡r❞③❛ ✐♥t✉✐❝❥➛✱ ➺❡ s→
t♦ ❛♥❛❧♦❣♦♥② ♠✐❛r ❝❡♥tr❛❧♥②❝❤ ♥❛ ❦❧❛s②❝③♥②❝❤ ❣r✉♣❛❝❤ ▲✐❡❣♦✳ ❩❛✉✇❛➺②❧✐➧♠② t❡➺✱ ➺❡ ❢✉♥❦❝❥♦♥❛➟ ❥❡st
❛❞✲♥✐❡③♠✐❡♥♥✐❝③② ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ψ = (ψ ⊗ h) ◦ ad ❬❍✸✱ Pr♦♣♦s✐t✐♦♥ ✻✳✼✭❝✮❪✳ ❈♦ ✇✐➛❝❡❥✱
♦❞✇③♦r♦✇❛♥✐❡

ad∗ : A′ ∋ ψ 7→ (ψ ⊗ h) ◦ ad ∈ A′

❥❡st s✉r❥❡❦❝❥→ ♥❛ ♣r③❡str③❡➠ ♣r③❡str③❡➠ ❢✉♥❦❝❥✐ ❛❞✲♥✐❡③♠✐❡♥♥✐❝③②❝❤ ❬❍✸✱ Pr♦♣♦s✐t✐♦♥ ✻✳✻ ✐ ✻✳✼✭❝✮❪✳
◆✐❡st❡t②✱ ♥✐❡ ♠✉s✐ ♦♥♦ ③❛❝❤♦✇②✇❛➣ ❢✉♥❦❝❥♦♥❛➟ó✇ ❣❡♥❡r✉❥→❝②❝❤✳ ❙②t✉❛❝❥❛ ❥❡st ❧❡♣s③❛✱ ❣❞② G ❥❡st
t②♣✉ ❑❛❝❛ ✭❝③②❧✐ ❣❞② st❛♥ ❍❛❛r❛ ❥❡st ➧❧❛❞❡♠✮ ✕ ✇ó✇❝③❛s ad∗ st❛❥❡ s✐➛ ❝③②♠➧ ✇ r♦❞③❛❥✉ ✇❛r✉♥❦✲
♦✇❡❥ ✇❛rt♦➧❝✐ ♦❝③❡❦✐✇❛♥❡❥ ✭③❛❝❤♦✇✉❥❡ ❞♦❞❛t♥✐♦➧➣✱ ❥❡st ✐❞❡♠♣♦t❡♥t❡♠✮✳ ❖❜s❡r✇❛❝❥❛ t❛ ♣♦➟→❝③♦♥❛
③ ✇②♥✐❦✐❡♠ ▼✳ ❇r❛♥♥❛♥❛ ❬❇r❛✶✷✱ ❈♦r♦❧❧❛r② ✹✳✸❪✱ ♣♦③✇♦❧✐➟❛ ③♥❛❧❡➵➣ ❦♦♠♣❧❡t♥→ ❦❧❛s②✜❦❛❝❥➛ ❛❞✲
♥✐❡③♠✐❡♥♥✐❝③②❝❤ ❢✉♥❦❝❥♦♥❛➟ó✇ ❣❡♥❡r✉❥→❝②❝❤ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ✇♦❧♥❡❥ ❣r✉♣✐❡ ♦rt♦❣♦♥❛❧♥❡❥ O+

n

✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✶✼ ✭❬❍✸✱ ❚❤❡♦r❡♠ ✶✵✳✷❪✮✳ ❆❞✲♥✐❡③♠✐❡♥♥✐❝③❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡ ♥❛ Pol(O+
n ) s→

♣♦st❛❝✐

L̂ = L ◦ (id⊗ h) ◦ ad
③ L ③❞❡✜♥✐♦✇❛♥②♠ ♥❛ Pol(O+

n )0
∼= Pol([−n, n]) ❥❛❦♦

Lf = −bf ′(n) +
∫ n

−n

f(x)− f(n)

n− x
dν(x)

❞❧❛ ♣❡✇♥❡❥ ❧✐❝③❜② r③❡❝③②✇✐st❡❥ b ≥ 0 ✐ ♣❡✇♥❡❥ s❦♦➠❝③♦♥❡❥ ♠✐❛r② ν ♥❛ [−n, n] ③ ν({n}) = 0✳

❖st❛t♥✐ ③ ✇❛➺♥②❝❤ t❡♠❛tó✇ ♣r❛❝② ❬❍✸❪✱ ♦ ❦tór②♠ ❝❤❝✐❛➟❛❜②♠ ✇s♣♦♠♥✐❡➣✱ t♦ ❦♦♥str✉❦❝❥❛ ♣ó➟✲
❣r✉♣② ▼❛r❦♦✈❛✱ ❦tór❛ ❦♦❞✉❥❡ ❣❡♦♠❡tr②❝③♥❡ ✇➟❛s♥♦➧❝✐ ❣r✉♣② ❦✇❛♥t♦✇❡❥✱ ♥❛ ❦tór❡❥ ➺②❥❡✳ ❲✐❛❞♦♠♦
❜②➟♦ ✭♥❛ ♣r③②❦➟❛❞ ③ ✇②❦➟❛❞ó✇ ❋✳ ❈✐♣r✐❛♥✐❡❣♦ ❬❈✐♣✵✽❪✮✱ ➺❡ s❦✉t❡❝③♥②♠ s♣♦s♦❜❡♠ ♣♦➟→❝③❡♥✐❛ ❣r✉♣
❦✇❛♥t♦✇②❝❤ ③ ❣❡♦♠❡tr✐→ ♠♦➺❡ ❜②➣ t❡♦r✐❛ ♣♦t❡♥❝❥❛➟✉ ✭❝③②❧✐ ❢♦r♠② ❉✐r✐❝❤❧❡t❛ ♥❛ ❛❧❣❡❜r❛❝❤ ❈∗✲ ✐ ✈♦♥
◆❡✉♠❛♥♥❛✮✳ ❲ ♥❛s③❡❥ ♣r❛❝②✱ ③ ❋✳ ❈✐♣r✐❛♥✐♠ ✐ ❯✳ ❋r❛♥③❡♠✱ ✇②❝❤♦❞③→❝ ♦❞ ●◆❙✲s②♠❡tr②❝③♥❡❣♦
♣r♦❝❡s✉ ▲é✈②✬❡❣♦ ✭✐ ❢✉♥❦❝❥♦♥❛➟✉ ❣❡♥❡r✉❥→❝❡❣♦✮ s❦♦♥str✉♦✇❛❧✐➧♠② ❝✐→❣ ♦❜✐❡❦tó✇ ♣r♦✇❛❞③→❝② ✭♣r③②
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❞♦❞❛t❦♦✇②❝❤ ③❛➟♦➺❡♥✐❛❝❤✮ ❞♦ ♦♣❡r❛t♦r❛ ❉✐r❛❝❛ ✐ tró❥❦✐ s♣❡❦tr❛❧♥❡❥✳ ❖❜✐❡❦t② t❡ ♣♦③✇♦❧✐➟② ♥❛ ✇➟→❝③❡✲
♥✐❡ ❞♦ ❜❛❞❛➠ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ s③❡r♦❦✐❡❣♦ ③❛❦r❡s✉ ♠❡t♦❞ ♥✐❡♣r③❡♠✐❡♥♥❡❥ ❣❡♦♠❡tr✐✐✱ st✇♦r③♦♥❡❥ ♣r③❡③
❆✳ ❈♦♥♥❡s✬❛ ❬❈♦♥✾✹❪✳

❩❛❝③➛❧✐➧♠② ♦❞ ✇②③♥❛❝③❡♥✐❛ ❡①♣❧✐❝✐t❡ str✉❦t✉r② ❢♦r♠ ❉✐r✐❝❤❧❡t❛ ③✇✐→③❛♥❡❥ ③ ❑▼❙✲s②♠❡tr②❝③♥②♠✐
❢✉♥❦❝❥♦♥❛➟❛♠✐ ❣❡♥❡r✉❥→❝②♠✐ ♥❛ ✉st❛❧♦♥❡❥ ❣r✉♣✐❡ ❦✇❛♥t♦✇❡❥✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✶✽ ✭❬❍✸✱ ❚❤❡♦r❡♠ ✼✳✶❪✮✳ ◆✐❡❝❤ ψ ❜➛❞③✐❡ ❑▼❙✲s②♠❡tr②❝③♥②♠ ❢✉♥❦❝❥♦♥❛➟❡♠ ❣❡♥❡r✉✲

❥→❝②♠ ♣r♦❝❡s✉ ▲é✈②✬❡❣♦ ♥❛ A ✭❝③②❧✐ ψ ◦ R = ψ✮✱ ✐ ♥✐❡❝❤ Tψ = (id ⊗ ψ) ◦∆ ♦♥ A✳ ❲ó✇❝③❛s ❢♦r♠❛

❦✇❛❞r❛t♦✇❛ Eψ ③❞❡✜♥✐♦✇❛♥❛ ❥❛❦♦

Eψ[ih(a)] =
〈

is(a), is(−Tψ(a))
〉

L2(A,h)
= −h

(

a∗(σ− i
4
◦ Tψ ◦ σ i

4
)(b)

)

♥❛ ❞③✐❡❞③✐♥✐❡

D(Eψ) = {is(a) ∈ L2(A, h) : a ∈ D(Tψ) ❛♥❞ Eψ[is(a)] <∞}
❥❡st ❞♦♠②❦❛❧♥❛ ✐ ❥❡❥ ❞♦♠❦♥✐➛❝✐❡ ❥❡st ❢♦r♠→ ❉✐r✐❝❤❧❡t❛✳

❲ ♣♦✇②➺s③②♠ t✇✐❡r❞③❡♥✐✉✱ ih ♦r❛③ is s→ ♥❛t✉r❛❧♥②♠ ✐✱ ♦❞♣♦✇✐❡❞♥✐♦✱ s②♠❡tr②❝③♥②♠ ③❛♥✉r③❡♥✐❡♠
A ✇ L2(A, h)✱ ♣❛tr③ ✭✶✷✮ ✐ ✭✶✹✮✳

❲ ♣r③②♣❛❞❦✉✱ ❣❞② ψ ❥❡st ●◆❙✲s②♠❡tr②❝③♥② ✭❝③②❧✐ ψ◦S = ψ✮✱ ❞♦st❛❥❡♠② Eψ[ih(a)] = −h
(

a∗Tψ(a)
)

✱
❜♦ Tψ ❦♦♠✉t✉❥❡ ③ ❛♥❛❧✐t②❝③♥②♠ r♦③s③❡r③❡♥✐❡♠ ❣r✉♣② ❛✉t♦♠♦r✜③♠ó✇ ♠♦❞✉❧❛r♥②❝❤ (σz)z∈C✳ ❲ ❬❍✸✱
❈♦r♦❧❧❛r② ✼✳✹❪ ③❛✉✇❛➺②❧✐➧♠②✱ ➺❡ ③✇✐→③❛♥❛ ③ t❛❦✐♠ ❢✉♥❦❝❥♦♥❛➟❡♠ ❢♦r♠❛ ♣ó➟t♦r❛❧✐♥✐♦✇❛ Ẽψ ♥❛ A✱
③❞❡✜♥✐♦✇❛♥❛ ✇③♦r❡♠ Ẽ(a, b) = −h(a∗Tψ(b)) ❞❧❛ a, b ∈ A✱ ♠♦➺❡ ❜②❝ s❝❤❛r❛❦t❡r②③♦✇❛♥❛ ✇❛r✉♥❦✐❡♠

Ẽψ(a, b)1 = (m∗ ⊗ Ẽψ)(∆(a),∆(b)), a, b ∈ A,

❣❞③✐❡ m∗(a, b) = a∗b✳
◆❛st➛♣♥✐❡ ♣♦❦❛③❛❧✐➧♠②✱ ➺❡ ③ ❢♦r♠→ ❉✐r✐❝❤❧❡t❛ Eψ ♠♦➺♥❛ s❦♦❥❛r③②➣ ♦♣❡r❛t♦r ró➺♥✐❝③❦♦✇❛♥✐❛ ∂✱

❦tór② ✉♠♦➺❧✐✇✐❛ ③❛❞❛♥✐❡ r❛❝❤✉♥❦✉ ró➺♥✐❝③❦♦✇❡❣♦ ♥❛ ❈∗✲❛❧❣❡❜r③❡ ❈(G)✳ ❈♦ ✇✐➛❝❡❥✱ ❢♦r♠❛ ❉✐r✐❝❤❧❡t❛
❥❡st ✇ó✇❝③❛s ❞❛♥❛ ❥❛❦♦ ✉♦❣ó❧♥✐♦♥❛ ❝❛➟❦❛ ❉✐r✐❝❤❧❡t❛

Eψ[ih(a)] =
1

2
‖∂a‖2, a ∈ A.

❑♦r③②st❛❥→❝ ③ t❡❣♦ ró➺♥✐❝③❦♦✇❛♥✐❛✱ ③❞❡✜♥✐♦✇❛❧✐➧♠② ✇ ❬❍✸✱ Pr♦♣♦s✐t✐♦♥ ✽✳✸❪ ♦♣❡r❛t♦r ❉✐r❛❝❛ D✱
③❛s❛❞♥✐❝③♦ ♣♦st❛❝✐

D :=

(

0 ∂
∂∗ 0

)

,

❦tór❡❣♦ ✇✐❞♠♦ ✭s♣❡❦tr✉♠✮ ❥❡st ✇②③♥❛❝③♦♥❡ ♣r③❡③ ✇✐❞♠♦ ❢♦r♠② Eψ✳ P♦❦❛③❛❧✐➧♠② t❛❦➺❡ ✇ ❬❍✸✱ ❚❤❡✲
♦r❡♠ ✽✳✹❪✱ ➺❡ ♦♣❡r❛t♦r ❉✐r❛❝❛ D st❛♥♦✇✐ ❝③➛➧➣ ♣❡✇♥❡❥ tró❥❦✐ s♣❡❦tr❛❧♥❡❥ ✭❜②➣ ♠♦➺❡ ③ ♥✐❡tr②✇✐❛❧♥②♠
❥→❞❡r❡♠✮ ❦❡r♥❡❧✲❞❡❣❡♥❡r❛t❡✮✱ ✇③❣❧➛❞❡♠ ❦tór❡❥ ❡❧❡♠❡♥t② ❛❧❣❡❜r② A = Pol(G) s→ ❧✐♣s❝❤✐t③♦✇s❦✐❡✳

◆❛s③ ❦♦♥str✉❦❝❥❛ ✇ ✐st♦t♥② s♣♦só❜ ✇②❦♦r③②st✉❥❡ ❡❧❡♠❡♥t② tró❥❦✐ ❙❝❤ür♠❛♥♥❛ ③✇✐→③❛♥❡❥ ③ ❣❡♥✲
❡r❛t♦r❡♠ ♣r♦❝❡s✉ ✭♦♣✐s❛♥✐❡ t✉t❛❥ s③❝③❡❣ó➟ó✇ ✇②♠❛❣❛➟♦ ❜② ✇♣r♦✇❛❞③❡♥✐❛ ❞✉➺❡❥ ✐❧♦➧❝✐ ♥♦t❛❝❥✐✮✳ ❲❛rt♦
t❡➺ ✇s♣♦♠♥✐❡➣✱ ➺❡ ③❛➟♦➺❡♥✐❡ ♦ ●◆❙✲s②♠❡tr✐✐ ❣✇❛r❛♥t✉❥❡ ♦❞♣♦✇✐❡❞♥✐❡ ✇➟❛s♥♦➧❝✐ ❞♦♠②❦❛❧♥♦➧❝✐ ró➺♥✐❝③❦♦✇❛✲
♥✐❛✱ ♥✐❡③❜➛❞♥❡ ❞♦ ✇②❦❛③❛♥✐❛✱ ➺❡ D ❥❡st s❛♠♦s♣r③➛➺♦♥② ✐ ➺❡ ✇✐❞♠♦ ❧❛♣❧❛s❥❛♥✉ ❉✐r❛❝❛ D2 ③ ❞♦❦➟❛❞✲
♥♦➧❝✐→ ❞♦ ③❡r❛ ♣♦❦r②✇❛ s✐➛ ③ ✇✐❞♠❡♠ ❣❡♥❡r❛t♦r❛ Tψ ✭✇✐❞③✐❛♥②♠ ❥❛❦♦ ♦♣❡r❛t♦r ♥❛ L2(A, h)✮✳

❲ ♣r❛❝② ❬❍✸❪ ♦♣✐s❛❧✐➧♠② t❡➺ ❞✇❛ ♣r③②❦➟❛❞② ❢✉♥❦❝❥♦♥❛➟ó✇✱ ❦tór❡ ♣r♦✇❛❞③→ ❞♦ tró❥❡❦ s♣❡❦tr❛❧✲
♥②❝❤✳

✶✾



Pr③②❦➟❛❞ ✸✳✶✾ ✭❬❍✸✱ ❙❡❝t✐♦♥ ✶✶✳✷❪✮✳ ◆✐❡❝❤ G = SUq(2)✱ q ∈ (0, 1) ✐ ♥✐❡❝❤ α ✐ γ ♦③♥❛❝③❛❥→ st❛♥✲
❞❛r❞♦✇❡ ❣❡♥❡r❛t♦r② C(SUq(2))✱ ♣❛tr③ Pr③②❦➟❛❞ ✸✳✹✳ ❘♦③✇❛➺♠② ∗✲r❡♣r❡③❡♥t❛❝❥➛ ρ : C(SUq(2)) →
ℓ2(N× Z) ③❛❞❛♥→ ♥❛ ❣❡♥❡r❛t♦r❛❝❤✿

π(α)ek,n =
√

1− q2kek−1,n (k ≥ 1), π(α)e0,n = 0,

π(γ)ek,n = qkek,n−1,

❣❞③✐❡ {ek,n; k ≥ 0, n ∈ Z} ❥❡st st❛♥❞❛r❞♦✇→ ❜❛③→ ♦rt♦♥♦r♠❛❧♥→ ℓ2(N×Z)✳ ❉❧❛ ✉st❛❧♦♥❡❣♦ 0 < λ < 1
❞❡✜♥✐✉❥❡♠② ✇❡❦t♦r vλ =

∑∞
k=0 λ

kek,0 ✐ ❣❡♥❡r❛t♦r t②♣✉ P♦✐ss♦♥❛ ✭♣❛tr③ Pr③②❦➟❛❞ ✸✳✶✹✮

φλ(a) = 〈vλ, (π − ε)(a)vλ〉.

❩✇✐→③❛♥② ③ ♥✐♠ ❦♦❝②❦❧ ηλ(a) = (π − ε)(a)vλ ❥❡st ❥❡❞♥♦③♥❛❝③♥✐❡ ③❞❡✜♥✐♦✇❛♥② ♣r③❡③ ✇❛rt♦➧➣✱ ❥❛❦→
♣r③②❥♠✉❥❡ ♥❛ α∗ ✭♣❛tr③ ❬❙❙✾✽✱ ▲❡♠♠❛ ✸✳✷❪✮✳ ❲②❦❛③❛❧✐➧♠②✱ ➺❡ ❣❞② λ → 1−✱ t♦ ηλ(α∗) ❞→➺② ❞♦
♣❡✇♥❡❣♦ ✇❡❦t♦r❛ v∞ ∈ ℓ2(N × Z)✱ v∞ = limλ→1− ηλ(α

∗)✳ ❲❡❦t♦r❛ t❡❣♦ ✉➺②✇❛♠② ♥❛st➛♣♥✐❡ ❞♦
③❞❡✜♥✐♦✇❛♥✐❛ ✬❣r❛♥✐❝③♥❡❣♦✬ ❦♦❝②❦❧✉ η∞✱ ❝③②❧✐ ❦➟❛❞③✐❡♠② η∞(a) = (π − ε)(a)v∞✳ ❲ó✇❝③❛s ♠♦➺♥❛
♣♦❦❛③❛➣✱ ➺❡

ψ∞(ab) = 〈η∞(a∗), η∞(b)〉, a, b ∈ ker ε

❥❡st ♣♦♣r❛✇♥✐❡ ③❞❡✜♥✐♦✇❛♥②♠ ❢✉♥❦❝❥♦♥❛➟❡♠ ❣❡♥❡r✉❥→❝②♠✳ ❏❡st ♦♥ ♣♦♥❛❞t♦ ●◆❙✲s②♠❡tr②❝③♥② ❬❍✸✱
Pr♦♣♦s✐t✐♦♥ ✶✶✳✸❪ ✐ ♥✐❡♦❣r❛♥✐❝③♦♥② ❬❍✸✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✹❪✳ ❲ ➧✇✐❡t❧❡ ❚✇✐❡r❞③❡♥✐❛ ✽✳✹ ③ ❬❍✸❪ ❞❡✜♥✐✉❥❡
♦♥ tró❥❦➛ s♣❡❦tr❛❧♥→ ♥❛ Pol(SUq(2))✳

Pr③②❦➟❛❞ ✸✳✷✵ ✭❬❍✸✱ ❘❡♠❛r❦ ✶✵✳✹❪✮✳ ◆✐❡❝❤G = O+
n ✐ ♥✐❡❝❤ (u(s))s∈N ♦③♥❛❝③❛ r♦❞③✐♥➛ ♥✐❡ró✇♥♦✇❛➺♥②❝❤

✉♥✐t❛r♥②❝❤ ♥✐❡♣r③②✇✐❡❞❧♥②❝❤ r❡♣r❡③❡♥t❛❝❥✐ O+
n ✳ ◆✐❡❝❤ ♣♦♥❛❞t♦ (Us)s∈N ♦③♥❛❝③❛ r♦❞③✐♥➛ ✇✐❡❧♦♠✐✲

❛♥ó✇ ❈③❡❜②s③❡✇❛ ❞r✉❣✐❡❣♦ r♦❞③❛❥✉ ✭U0(x) = 1✱ U1(x) = x✱ Uk(x) = xUk−1(x) − Uk−2(x)✮✳ ❆❞✲
♥✐❡③♠✐❡♥♥✐❝③② ❢✉♥❦❝❥♦♥❛➟ ψ ♦♣✐s❛♥② ✇ ❚✇✐❡r❞③❡♥✐✉ ✶✵✳✷ ③ ❬❍✸❪✱ ③✇✐→③❛♥② ③❡ st❛➟→ b = 1 ✐ ♠✐❛r→
ν = 0✱ ❞③✐❛➟❛ ♥❛ ✇s♣ó➟❝③②♥♥✐❦❛❝❤ ♥✐❡♣r③②✇✐❡❞❧♥②❝❤ r❡♣r❡③❡♥t❛❝❥✐ O+

n ❥❛❦♦

ψ
(

u
(s)
jk

)

= −δjk
U ′
s(n)

Us(n)
, s ∈ N.

❏❛❦♦ ❢✉♥❦❝❥♦♥❛➟ ❞③✐❛➟❛❥→❝② ❞✐❛❣♦♥❛❧♥✐❡ ♥❛ ♠❛❝✐❡r③❛❝❤ u(s)✱ ψ ❥❡st t❛❦➺❡ ●◆❙✲s②♠❡tr②❝③♥② ❬❍✸✱
❘❡♠❛r❦ ✹✳✼❪✳ ❖♣❡r❛t♦r s♣❧♦t♦✇② Tψ✱ ✐♥❞✉❦♦✇❛♥② ♣r③❡③ ψ ✐ ✇✐❞③✐❛♥② ❥❛❦♦ ♦♣❡r❛t♦r ♥❛ L2(A, h)✱

♠❛ ✇❛rt♦➧❝✐ ✇➟❛s♥❡ λs = −U ′
s(n)

Us(n)
♦ ❦r♦t♥♦➧❝✐ ms =

(

Us(n)
)2
✱ s ∈ N✳ ❲❛rt♦➧❝✐ t❡ s→ ❞②s❦r❡t♥❡

✐ ♥✐❡♦❣r❛♥✐❝③♦♥❡ ✭r♦s♥→ ❥❛❦ s2✮✱ ✇✐➛❝ ψ ✕ ③❣♦❞♥✐❡ ③ ❚✇✐❡r❞③❡♥✐❡♠ ✽✳✹ ③ ❬❍✸❪ ✕ ❞❡✜♥✐✉❥❡ tró❥❦➛
s♣❡❦tr❛❧♥→ ♥❛ Pol(O+

n )✳
▼♦➺❡♠② ♣♦❧✐❝③②➣ ✇②♠✐❛r s♣❡❦tr❛❧♥② t❛❦✐❡❥ tró❥❦✐ s♣❡❦tr❛❧♥❡❥ ✭❝③②❧✐ ✐♥✜♠✉♠ ♣♦ d > 0 t❛❦✐❝❤✱ ➺❡

∑

sms(−λs)−d/2 < +∞✮✳ ❉♦st❛❥❡♠② ✇ó✇❝③❛s d = 3 ❞❧❛ n = 2 ♦r❛③ d = +∞ ❞❧❛ n ≥ 3✳ ❲②♥✐❦
❞❧❛ ♣r③②♣❛❞❦✉ n = 2 ③❣❛❞③❛ s✐➛ ③ ❢❛❦t❡♠✱ ➺❡ O+

2
∼= SU−1(2)✱ ❛ ❣r✉♣❛ SU−1(2) ♠❛ r❡❛❧✐③❛❝❥➛ ❥❛❦♦

❛❧❣❡❜r❛ ❢✉♥❦❝❥✐ ♥❛ tró❥✇②♠✐❛r♦✇❡❥ ❣r✉♣✐❡ ▲✐❡❣♦ SU(2) ✭♣❛tr③ ❬❩❛❦✾✶❪✮✳

❑♦♥t②♥✉❛❝❥→ ♥❛s③②❝❤ ❜❛❞❛➠ ♥❛❞ s②♠❡tr✐❛♠✐ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ❜②➟❛ ♣r❛❝❛ ❬❍✺❪✱ ✇s♣ó❧♥❛ ③
❯✳ ❋r❛♥③❡♠ ✐ ❆✳ ❙❦❛❧s❦✐♠✱ ❦tór❛ ③❛✇✐❡r❛ ♦❜s③❡r♥❡ ✇♣r♦✇❛❞③❡♥✐❡ ❞♦ t❡♠❛t②❦✐ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛
❣r✉♣❛❝❤ ❦✇❛♥t♦✇②❝❤ ✐ ③✇✐→③❛♥②❝❤ ③ ♥✐→ ♣r♦❜❧❡♠ó✇ ❜❛❞❛✇❝③②❝❤ ✭❝③➛➧➣ ♣r③❡❣❧→❞♦✇❛✮ ♦r❛③ r♦③✇✐→③❛✲
♥✐❛ t②❝❤ ♣r♦❜❧❡♠ó✇ ✇ ♣r③②♣❛❞❦✉ ❣r✉♣② S+

n ✭❝③➛➧➣ ♦r②❣✐♥❛❧♥❛✮✳ ◆❛ r❛③✐❡ ♦♣✐s③➛ ✇②♥✐❦✐ ❞♦t②❝③→❝❡

✷✵



✇➟❛s♥♦➧❝✐ s②♠❡tr✐✐ ✐ ❛❞✲♥✐❡③♠✐❡♥♥✐❝③♦➧❝✐ ❞❧❛ ♣r③②♣❛❞❦✉ ❣r✉♣② S+
n ✳ ❲❛rt♦ s♦❜✐❡ ✉➧✇✐❛❞♦♠✐➣✱ ➺❡ ♥❛

S+
n ♥✐❡ r♦③ró➺♥✐❛♠② ❥✉➺ ♠✐➛❞③② ●◆❙✲ ❛ ❑▼❙✲s②♠❡tr✐→✱ ♣♦♥✐❡✇❛➺ ✭❥❛❦ ✇s♣♦♠♥✐❛➟❛♠ ✇ Pr③②❦➟❛❞③✐❡

✸✳✷✮ S+
n ❥❡st t②♣✉ ❑❛❝❛✱ ✇✐➛❝ S = R✳

❲ ❬❍✺✱ ❈♦r♦❧❧❛r② ✽✳✻❪ ✉❞♦✇♦❞♥✐❧✐➧♠②✱ ➺❡ ❦❛➺❞② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ❥❡st ❥❡❞♥♦③♥❛❝③♥✐❡ ✇②③✲
♥❛❝③♦♥② ♣r③❡③ ∗✲r❡♣r❡③❡♥t❛❝❥➛ ρ ❛❧❣❡❜r② C(S+

n ) ♥❛ ❥❛❦✐❡❥➧ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt H ♦r❛③ ③❡st❛✇ n
✇❡❦t♦ró✇ ξ1, . . . , ξn ∈ H s♣❡➟♥✐❛❥→❝②❝❤ ✇❛r✉♥❡❦ ρ(pjk)ξj = ρ(pjk)ξk ✭✇✐➛❝❡❥ ♥❛ t❡♥ t❡♠❛t ♣♦♥✐➺❡❥✱
♣r③❡❞ ❚✇✐❡r❞③❡♥✐❡♠ ✸✳✷✽✮✳ ❲ ♣r❛❝② ❜❛❞❛❧✐➧♠② ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡✱ ❦tór②❝❤ r❡♣r❡③❡♥t❛❝❥❡ ③
tró❥❡❦ ❙❝❤ür♠❛♥♥❛ ♠❛❥→ ♣♦st❛➣ ♠❛❝✐❡r③② ❋♦✉r✐❡r❛ ❧✉❜ ♠❛❝✐❡r③② ❜❧♦❦♦✇❡❥✱ ✐ ❞❧❛ ♥✐❝❤ ♣♦❞❛❧✐➧♠②
✇❛r✉♥❦✐ ♥❛ s②♠❡tr✐➛ ✇ ❥➛③②❦✉ r❡❧❛❝❥✐ ♠✐➛❞③② ρ ✐ ✇❡❦t♦r❛♠✐ ξi ❬❍✺✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✸ ♦r❛③ ❚❤❡♦r❡♠
✶✵✳✹❪✳ ❲②❦❛③❛❧✐➧♠② t❡➺✱ ➺❡ ♠❛❦s②♠❛❧♥❛ r❡❧❛❝❥❛ ❝②❦❧✐❝③♥❛✱ t❥✳

ρσ(u) =



















0 IH 0 . . . 0 0
0 0 IH . . . 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
0 0 0 . . . IH 0
0 0 0 . . . 0 IH
IH 0 0 . . . 0 0



















. ✭✶✼✮

♥✐❡ ♣♦s✐❛❞❛ ➺❛❞②❝❤ s②♠❡tr②❝③♥②❝❤ ❢✉♥❦❝❥♦♥❛➟ó✇ ❣❡♥❡r✉❥→❝②❝❤✳
❆♥❛❧♦❣✐❝③♥✐❡ ❞♦ ♣r③②♣❛❞❦✉ O+

n ✱ ♣♦❞❛❧✐➧♠② t❛❦➺❡ ❦❧❛s②✜❦❛❝❥➛ ❛❞✲♥✐❡③♠✐❡♥♥✐❝③②❝❤ ❢✉♥❦❝❥♦♥❛➟ó✇
❣❡♥❡r✉❥→❝②❝❤ ♥❛ S+

n ✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✷✶ ✭❬❍✺✱ ❚❤❡♦r❡♠ ✶✵✳✶✵❪✮✳ ❆❞✲♥✐❡③♠✐❡♥♥✐❝③❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝➛ ♥❛ Pol(S+
n )

s→ ♣♦st❛❝✐

L̂ = L ◦ (id⊗ h) ◦ ad,
♣r③② ❝③②♠ L ❥❡st ③❞❡✜♥✐♦✇❛♥❡ ♥❛ Pol(S+

n )0
∼= Pol([0, n]) ✇③♦r❡♠

Lf = −af ′(n) +
∫ n

0

f(x)− f(n)

n− x
dν(x)

❣❞③✐❡ a > 0 ❥❡st ❧✐❝③❜→ r③❡❝③②✇✐st→✱ ❛ ν ❥❡st ♠✐❛r→ s❦♦➠❝③♦♥→ ♥❛ [0, n]✳

❲ ❞♦✇♦❞③✐❡ ✉➺②❧✐➧♠② ✇②♥✐❦✉ ▼✳ ❇r❛♥♥❛♥❛ ❬❇r❛✶✸❪ ♦ ✐③♦♠♦r✜❝③♥♦➧❝✐ ❛❧❣❡❜r② ❢✉♥❦❝❥✐ ❝❡♥tr❛❧♥②❝❤
♥❛ S+

n ✱ Pol(S
+
n )0✱ ③ ❛❧❣❡❜r→ ✇✐❡❧♦♠✐❛♥ó✇ ♥❛ [0, n]✱ Pol([0, n])✳

P♦❞s✉♠♦✇✉❥→❝ t❡♥ ❢r❛❣♠❡♥t ♠♦✐❝❤ ❜❛❞❛➠✱ ❝❤❝✐❛➟❛❜②♠ ♣♦❞❦r❡➧❧✐➣✱ ➺❡ ♥❛s③❡ ✇②♥✐❦✐ ✉st❛♥❛✇✐❛❥→
♥♦✇❡ ♣♦➟→❝③❡♥✐❡ ♠✐➛❞③② ♣r♦❜❛❜✐❧✐st❦→ ✭♣r♦❝❡s❛♠✐ ▲é✈②✬❡❣♦✮ ❛ ❣❡♦♠❡tr✐→ ✭♦♣❡r❛t♦r ❉✐r❛❝❛✱ tró❥❦❛
s♣❡❦tr❛❧♥❛✮ ❞❧❛ ③✇❛rt②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✳ ❖♣✐s✉❥❡♠② t❡➺ ❦♦♥❦r❡t♥❡ ♣r③②❦➟❛❞② ❢✉♥❦❝❥♦♥❛➟ó✇✱
❦tór❡ ♣r♦✇❛❞③→ ❞♦ tró❥❡❦ s♣❡❦tr❛❧♥②❝❤ ♥❛ O+

n ✐ ♥❛ SUq(2) ✭Pr③②❦➟❛❞② ✸✳✷✵ ✐ ✸✳✶✾✮✳
❈❤♦❝✐❛➺ ♥❛s③❛ ❣➟ó✇♥→ ♠♦t②✇❛❝❥→ ❞♦ ❜❛❞❛♥✐❛ ❦✇❛♥t♦✇②❝❤ ♣r♦❝❡só✇ ▼❛r❦♦✈❛ ❜②➟♦ ✐❝❤ ♣♦t❡♥❝✲

❥❛❧♥❡ ✉➺②❝✐❡ ❞♦ ♦♣✐s✉ ❞②♥❛♠✐❦✐ ♦t✇❛rt②❝❤ s②st❡♠ó✇ ❦✇❛♥t♦✇②❝❤ ✭❛♥❣✳ q✉❛♥t✉♠ ♦♣❡♥ s②st❡♠s✮✱ t♦
♥❛s③❡ ✇②♥✐❦✐ s➟✉➺→ ✇s♣ó❧♥♦❝✐❡ ♠❛t❡♠❛t②❝③♥❡❥ t❛❦➺❡ ❞♦ ❜❛❞❛➠ ❤✐♣❡r❦♦♥tr❛❦t②✇♥♦➧❝✐ ✭♥✐❡♣r③❡♠✐❡♥✲
♥②❝❤✮ ♣ó➟❣r✉♣ ❝✐❡♣➟❛ ♦r❛③ ✇➟❛s♥♦➧❝✐ ➧r❡❞♥✐♦✇❛❧♥♦➧❝✐ ✐ ✇➟❛s♥♦➧❝✐ ❍❛❛❣❡r✉♣❛ ❛❧❣❡❜r ❣r✉♣ ❦✇❛♥t♦✇②❝❤
✭♥♣✳ ❬❈❙✶✺❪✱ ❬❄❪✱ ❬❈❙✶✼❪✱ ❬❋❍✶✼❪✮✳

✷✶



✸✳✺ ❘♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ♥❛ ③✇❛rt②❝❤ ❣r✉♣❛❝❤ ❦✇❛♥t♦✇②❝❤

❖❞ ❧❛t ✸✵✲t②❝❤ ❳❳ ✇✐❡❦✉ ✇✐❛❞♦♠♦✱ ➺❡ ❣❡♥❡r❛t♦r② ❦❧❛s②❝③♥②❝❤ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ R
n ♠♦❣→ ❜②➣

♦♣✐s❛♥❡ ③❛ ♣♦♠♦❝→ ❢♦r♠✉➟② ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✿ (Xt)t≥0 ❥❡st ♣r♦❝❡s❡♠ ▲é✈②✬❡❣♦ ♥❛ R
n ✇t❡❞② ✐

t②❧❦♦ ✇t❡❞②✱ ❣❞② ❥❡❣♦ ❢✉♥❦❝❥❛ ❝❤❛r❛❦t❡r②st②❝③♥❛

φX(u) :=

∫

Rn

ei〈u,x〉µX1(dx), u ∈ R
n,

❥❡st ♣♦st❛❝✐

φX(u) = exp ηX(u), ηX(u) = i〈b, u〉 − 1

2
〈u, σu〉+

∫

Rn

(ei〈u,y〉 − 1− i〈u, y〉1|y|≤1)ν(dy)

❞❧❛ ♣❡✇♥②❝❤ b ∈ R
n✱ ♠❛❝✐❡r③② ❞♦❞❛t♥✐♦ ♦❦r❡➧❧♦♥❡❥ σ ∈ Mn(R) ✐ t③✇✳ ♠✐❛r② ▲é✈②✬❡❣♦ ν ♥❛ R

n✳
P✐❡r✇s③② ✇②r❛③ ♣♦✇②➺s③❡❥ s✉♠② ♥❛③②✇❛♥② ❥❡st ❞r②❢❡♠✱ ❛ ❞r✉❣✐ ✕ ❞②❢✉③❥→✳ ❏❡➧❧✐ ν = 0✱ t♦ ❞♦st❛❥❡♠②
❢✉♥❦❝❥➛ ❝❤❛r❛❦t❡r②st②❝③♥→ r✉❝❤✉ ❇r♦✇♥❛ ③ ❞r②❢❡♠ ✭♣❛tr③ Pr③②❦➟❛❞ ✸✳✶✸✮✳ ❏❡➧❧✐ b = 0 ✐ σ = 0✱ t♦ φX
❥❡st ❣r❛♥✐❝→ ❢✉♥❦❝❥✐ ❝❤❛r❛❦t❡r②st②❝③♥②❝❤ ③➟♦➺♦♥②❝❤ ♣r♦❝❡só✇ P♦✐ss♦♥❛ ✭❥❡st t♦ t③✇✳ ❝③➛➧➣ s❦♦❦♦✇❛✮✳

❯♦❣ó❧♥✐❡♥✐❡♠ t❡❣♦ r❡③✉❧t❛t✉ ❥❡st ✇③ór ❍✉♥t❛ ❞❧❛ ③✇❛rt②❝❤ ❣r✉♣ ▲✐❡❣♦ ✭❬❍✉♥✺✻❪✱ t❛❦➺❡ ❬▲✐✵✹❪✱
❬❆♣♣✵✺❪✮✳ ◆✐❡❝❤ G ❜➛❞③✐❡ ③✇❛rt→ ❣r✉♣→ ▲✐❡❣♦✱ ♥✐❡❝❤ {X1, X2, . . . , Xd} ❜➛❞③✐❡ ✉st❛❧♦♥→ ❜❛③→ ❛❧❣❡❜r②
▲✐❡❣♦ g ✐ ♥✐❡❝❤ x1, x2, . . . xd ∈ C∞

c (G) ❜➛❞→ ❧♦❦❛❧♥②♠✐ ✇s♣ó➟r③➛❞♥②♠✐ t❡❥ ❜❛③②✱ t③♥✳ Xi =
∂
∂xi

✇
❡❧❡♠❡♥❝✐❡ ♥❡✉tr❛❧♥②♠ e✳ ❲ó✇❝③❛s ❞♦✇♦❧♥② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② φ ♥❛ G ❥❡st ♣♦st❛❝✐

φ(f) =
d
∑

i=1

ciXif(e) +
1

2

d
∑

j,k=1

ajkXjXkf(e)

+

∫

G\{e}

(

f(g)− f(e)−
d
∑

i=1

xi(g)Xif(e)

)

ν(dg)

❞❧❛ f ❞✇✉❦r♦t♥✐❡ ró➺♥✐❝③❦♦✇❛❧♥②❝❤✳ ❲ ♣♦✇②➺s③②♠ ✇③♦r③❡ ci ✐ ajk s→ st❛➟②♠✐ r③❡❝③②✇✐st②♠✐✱
(ajk)

d
j,k=1 ❥❡st ♠❛❝✐❡r③→ s②♠❡tr②❝③♥→✱ ❞♦❞❛t♥✐♦ ♦❦r❡➧❧♦♥→✱ ❛ ♠✐❛r❛ ν ♥❛ G s♣❡➟♥✐❛ ✇❛r✉♥❦✐

ν({e}) = 0,

∫

U

d
∑

i=1

x2i dν <∞, ν(G \ U) <∞

❞❧❛ ❞♦✇♦❧♥❡❣♦ ♦t♦❝③❡♥✐❛ U ❡❧❡♠❡♥t✉ e ✇ G✳ P♦❞♦❜♥✐❡ ❥❛❦ ✇ ♣r③②♣❛❞❦✉ ✇③♦r✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✱
t✉t❛❥ t❛❦➺❡ ❝③➛➧➣ ❧✐♥✐♦✇❛ ✐ ❦✇❛❞r❛t♦✇❛ ✭♣✐❡r✇s③❡ ❞✇❛ ✇②r❛③② ✇③♦r✉ ♥❛ φ(f)✮ ♦♣✐s✉❥→ r✉❝❤ ❇r♦✇♥❛
③ ❞r②❢❡♠ ✭❝③➛➧➣ ❝✐→❣➟→✮✱ ❛ ❝❛➟❦❛ ✇③❣❧➛❞❡♠ ν ✕ ❝③➛➧➣ s❦♦❦♦✇→✳

❖❜❛ ✇②♥✐❦✐ ♠♦➺♥❛ ♦❞❝③②t②✇❛➣ ♥❛ ❞✇❛ s♣♦s♦❜②✳ ❩ ❥❡❞♥❡❥ str♦♥② ♣♦③✇❛❧❛❥→ ♦♥❡ ♥❛ ❦❧❛s②✜❦❛❝❥➛
♣r♦❝❡só✇ ▲é✈②✬❡❣♦✱ ♥♣✳ ❞❧❛ R

n ♠❛♠② ❥❡❞♥♦③♥❛❝③→ ♦❞♣♦✇✐❡❞♥✐♦➧➣ ♠✐➛❞③② ♣r♦❝❡s❛♠✐ ❛ tró❥❦❛♠✐
(b, σ, ν)✳ ❩ ❞r✉❣✐❡❥ str♦♥② ♠♦➺♥❛ ❥❡ tr❛❦t♦✇❛➣ ❥❛❦♦ t✇✐❡r❞③❡♥✐❡ ♦ r♦③❦➟❛❞③✐❡ ❦❛➺❞❡❣♦ ❣❡♥❡r❛t♦r❛
♣r♦❝❡s✉ ♥❛ ❝③➛➧➣ ♣♦❝❤♦❞③→❝→ ♦❞ r✉❝❤✉ ❇r♦✇♥❛ ✭③ ❝✐→❣➟②♠✐ tr❛❥❡❦t♦r✐❛♠✐✮ ♦r❛③ ❝③➛➧➣ s❦♦❦♦✇→ ✭♥✐❡
③❛✇✐❡r❛❥→❝→ ❝✐→❣➟②❝❤ tr❛❥❡❦t♦r✐✐✮✳

Pr♦❜❧❡♠ ✐st♥✐❡♥✐❛ ♣♦❞♦❜♥❡❣♦ r♦③❦➟❛❞✉ ❞❧❛ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ∗✲❜✐❛❧❣❡❜r❛❝❤ ❜②➟ ♣♦ r❛③ ♣✐❡r✲
✇s③② ❜❛❞❛♥② ♣r③❡③ ❙❝❤ür♠❛♥♥❛ ✇ ❧❛t❛❝❤ ✾✵✲t②❝❤ ❳❳ ✇✐❡❦✉✱ ❬❙❝❤✾✵❪✳ ❲ t②♠ ❦♦♥t❡❦➧❝✐❡ ♣r♦❜❧❡♠
st❛❥❡ s✐➛ ✏♥✐❡❧♦❦❛❧♥②✑ ✕ ♥✐❡ ♠♦➺❡♠② ♠ó✇✐➣ ♦ tr❛❥❡❦t♦r❛✐❛❝❤ ❛♥✐ ♦ ✐❝❤ ❝✐→❣❧♦➧❝✐✳ ❩ ❣r✉❜s③❛ ♠ó✇✐→❝✱

✷✷



❝❤❝✐❡❧✐❜②➧♠② ♣♦ ♣r♦st✉ ✇✐❡❞③✐❡➣✱ ❝③② ❦❛➺❞② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ❞❛ s✐➛ ③❛♣✐s❛➣ ❥❛❦♦ s✉♠➛ ❞✇ó❝❤
❢✉♥❦❝❥♦♥❛➟ó✇ ❣❡♥❡r✉❥→❝②❝❤✱ ③ ❦tór②❝❤ ❥❡❞❡♥ ❥❡st ♠❛❦s②♠❛❧♥✐❡ ❣❛✉ss♦✇s❦✐ ✭♠❛❦s②♠❛❧♥♦➧➣ ♦③♥❛❝③❛✱
➺❡ ♣♦③♦st❛➟❛ ❝③➛➧➣ ♥✐❡ ♠❛ ❥✉➺ ❝③➛➧❝✐ ❣❛✉ss♦✇s❦✐❡❥✮✳ ❲ t②♠ ❝❡❧✉ ♣♦tr③❡❜✉❥❡♠② ♦❝③②✇✐➧❝✐❡ ♣♦❥➛❝✐❛
❣❡♥❡r❛t♦r❛ ❣❛✉ss♦✇s❦✐❡❣♦✳

❉❡❢✐♥✐❝❥❛ ✸✳✷✷✳ ◆✐❡❝❤ A ❜➛❞③✐❡ ∗✲❜✐❛❧❣❡❜r→ ③ ❦♦❥❡❞②♥❦→ ε✳ ❋✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ : A → C

♥❛③②✇❛♠② ❣❛✉ss♦✇s❦✐♠✱ ❥❡➧❧✐ ③♥✐❦❛ ♥❛ ♣♦tró❥♥②❝❤ ✐❧♦❝③②♥❛❝❤ ❡❧❡♠❡♥tó✇ ③ ❥→❞r❛ ❦♦❥❡❞②♥❦✐✱ ❝③②❧✐
ψ(abc) = 0 ♦ ✐❧❡ t②❧❦♦ a, b, c ∈ ker ε✳

❏❡➧❧✐ (ρ, η, ψ) ❥❡st tró❥❦→ ❙❝❤ür♠❛♥♥❛ ③✇✐→③❛♥→ ③ ψ✱ t♦ ψ ❥❡st ❣❛✉ss♦✇s❦✐ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞②
r❡♣r❡③❡♥t❛❝❥❛ ρ ❥❡st ♣♦st❛❝✐ ρ(a) = ε(a)IH ✭a ∈ A✮ ❧✉❜✱ ró✇♥♦✇❛➺♥✐❡✱ ❥❡➧❧✐ ❦♦❝②❦❧ η ❥❡st ❣❛✉ss♦✇s❦✐✱
t③♥✳ η(a) = ε(a)η(b) + η(a)ε(b) ❞❧❛ ❦❛➺❞❡❣♦ a, b ∈ A ✭❬❙❝❤✾✸✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳❪✮✳ ❋✉♥❦❝❥♦♥❛➟ ψ ✐
❦♦❝②❦❧ η ♦♣✐s❛♥❡ ✇ Pr③②❦➟❛❞③✐❡ ✸✳✶✸ s→ ❣❛✉ss♦✇s❦✐❡✳

❾❛t✇♦ s♣r❛✇❞③✐➣✱ ➺❡ ♠❛❥→❝ ❞❛♥② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ ✐ ③✇✐→③❛♥→ ③ ♥✐♠ tró❥❦➛ ❙❝❤ür♠❛♥♥❛
(ρ, η, ψ)✱ r❡♣r❡③❡♥t♦✇❛♥→ ♥❛ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ H✱ ♠♦➺❡♠② ③❛✇s③❡ ✇②❞③✐❡❧✐➣ ③ H ♠❛❦s②♠❛❧♥→
♣♦❞♣r③❡str③❡➠ ❣❛✉ss♦✇s❦→ HG✱ t❥✳ ♥❛❥✇✐➛s③❦→ ♣r③❡str③❡➠✱ ♥❛ ❦tór❡❥ ρ ❞③✐❛➟❛ ❥❛❦♦ ε(·)IH ✳ ❲ó✇❝③❛s
HG ❥❡st r❡❞✉❦✉❥→❝❛ ❞❧❛ ρ ✐ r❡♣r❡③❡♥t❛❝❥❛ ♦r❛③ ❦♦❝②❦❧ ♠❛❥→ r♦③❦➟❛❞ ♥❛

ρG = ρ|HG
, ρN = ρ|H⊥

G
, ρ = ρG ⊕ ρN ♦r❛③ ηG = PGη, ηN = (I − PG)η, η = ηG ⊕ ηN

❣❞③✐❡ PG ♦③♥❛❝③❛ ♣r♦❥❡❦❝❥➛ ♥❛ HG✳ ❈♦ ✇✐➛❝❡❥✱ ηG ❥❡st ❦♦❝②❦❧❡♠ ❣❛✉ss♦✇s❦✐♠✱ ❛ ηN ❥❡st ❦♦❝②✲
❝❧❡♠ ❝③②st♦ ♥✐❡✲❣❛✉ss♦✇s❦✐♠ ✭t③♥✳ (HN )G = {0}✮✳ ❏❡➧❧✐ ✐st♥✐❡❥→ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡ ψG ✐ ψN
t❛❦✐❡✱ ➺❡ (ρG, ηG, ψG) ✐ (ρN , ηN , ψN ) s→ tró❥❦❛♠✐ ❙❝❤ür♠❛♥♥❛s✱ t♦ ♠ó✇✐♠②✱ ➺❡ ψ ♣♦s✐❛❞❛ r♦③❦➟❛❞

▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ ❩✇ró➣♠② ✉✇❛❣➛ ♥❛ t♦✱ ➺❡ ψN ♦❞♣♦✇✐❛❞❛ ❦♦❝②❦❧♦✇✐✱ ❦tór② ♠❛ tr②✇✐❛❧♥→ ❝③➛➧➣
●❛✉ss♦✇s❦→ ✕ ✇ t②♠ s❡♥s✐❡ ψG ❥❡st ♠❛❦s②♠❛❧♥② ❣❛✉ss♦✇s❦✐✳

◆❛s③ ♣r♦❜❧❡♠ ♣♦❧❡❣❛ t❡r❛③ ♥❛ s♣r❛✇❞③❡♥✐✉✱ ❝③② ❦❛➺❞② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ✭♥❛ ❞❛♥❡❥ ∗✲
❜✐❛❧❣❡❜r③❡✮ ♣♦s✐❛❞❛ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ ❲ ③❛s❛❞③✐❡ ♣r♦❜❧❡♠ s♣r♦✇❛❞③❛ s✐➛ ❞♦ ✉③✉♣❡➟♥✐❡♥✐❛
❞✇ó❝❤ ♣❛r✿ (ρG, ηG) ✐ (ρN , ηN ) ❞♦ tró❥❡❦ ❙❝❤ür♠❛♥♥❛s✳ ❾❛t✇♦ ③r❡s③t→ ♣♦❦❛③❛➣✱ ➺❡ ❥❡➧❧✐ ❥❡❞♥❛ ③
t②❝❤ ♣❛r ♠♦➺❡ ❜②➣ ✉③✉♣❡➟♥✐♦♥❛ ❞♦ tró❥❦✐ ❙❝❤ür♠❛♥♥❛✱ t♦ ❞r✉❣❛ t❛❦➺❡ ✐ ✇t❡❞② ψ ❜❡❞③✐❡ ♣♦s✐❛❞❛➣
r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ ❖❣ó❧♥✐❡ ❥❡❞♥❛❦ ❞❧❛ ❞♦✇♦❧♥❡❥ ♣❛r② (ρ, η)✱ ③➟♦➺♦♥❡❥ ③ ∗✲r❡♣r❡③❡♥t❛❝❥✐
✐ ρ✲ε✲❦♦❝②❦❧✉✱ ♠♦➺❡ t♦ ❜②➣ ♥✐❡♠♦➺❧✐✇❡ ✭♣r♦st② ♣r③②❦➟❛❞ ③♦st❛➟ ♣♦❞❛♥② ✇ ❬❙❦❡✾✾✱ ❊①❛♠♣❧❡ ✷✳✶❪✮✳
❉❧❛t❡❣♦ ✇②❣♦❞♥✐❡ ❥❡st ❜❛❞❛➣ ♥✐❡ t②❧❦♦ s❛♠♦ ✐st♥✐❡♥✐❡ r♦③❦➟❛❞✉✱ ❛❧❡ t❛❦➺❡ ❞✇✐❡ ✐♥♥❡ ✇➟❛s♥♦➧❝✐ ✭♣❛tr③
❬❋●❚✶✺❪✱ t❛❦➺❡ ❬❙❝❤✾✵❪ ♣r③② ✐♥♥②❝❤ ♦③♥❛❝③❡♥✐❛❝❤✮✿

❉❡❢✐♥✐❝❥❛ ✸✳✷✸✳ P♦✇✐❡♠②✱ ➺❡ ∗✲❜✐❛❧❣❡❜r❛ A ♠❛ ✇➟❛s♥♦➧➣✿

• ✭●❈✮✱ ❥❡➧❧✐ ❞♦✇♦❧♥② ❦♦❝②❦❧ ❣❛✉ss♦✇s❦✐ η : A → H ♠♦➺❡ ❜②➣ ✉③✉♣❡➟♥✐♦♥② ❞♦ tró❥❦✐ ❙❝❤ür✲
♠❛♥♥❛ (ε(·)id, η, ψ)❀

• ✭◆❈✮✱ ❥❡➧❧✐ ❞♦✇♦❧♥❛ ♣❛r❛ (ρ, η) ③➟♦➺♦♥❛ ③ ∗✲r❡♣r❡③❡♥t❛❝❥✐ ρ : A → B(H) ✐ ρ✲ε✲❦♦❝②❦❧✉ ❝③②st♦
♥✐❡✲❣❛✉ss♦✇s❦✐❡❣♦ ✭HG = {0}✮ ♠♦➺❡ ❜②➣ ✉③✉♣❡➟♥✐♦♥❛ ❞♦ tró❥❦✐ ❙❝❤ür♠❛♥♥❛ (ρ, η, ψ)❀

• ✭▲❑✮✱ ❥❡➧❧✐ ❞♦✇♦❧♥② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ♥❛ A ♣♦s✐❛❞❛ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳

Pr♦❜❧❡♠ ✐st♥✐❡♥✐❛ r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ❞❧❛ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ❞❛♥❡❥ ∗✲❜✐❛❧❣❡❜r③❡
♠♦➺♥❛ ③❛t❡♠ s❢♦r♠✉➟♦✇❛❝ ❥❛❦♦ ♣②t❛♥✐❡✿ ❦tór❡ ∗✲❜✐❛❧❣❡❜r② ♠❛❥→ ✇➟❛s♥♦➧➣ ✭▲❑✮❄ ❲ ➧✇✐❡t❧❡ ✉✇❛❣
s♣r③❡❞ ❞❡✜♥✐❝❥✐✱ ❥❡➧❧✐ A ♣♦s✐❛❞❛ ✇➟❛s♥♦➧➣ ✭●❈✮ ❧✉❜ ✭◆❈✮✱ t♦ t❛❦➺❡ ♣♦s✐❛❞❛ ✇➟❛s♥♦➧➣ ✭▲❑✮✳

✷✸



▼✳ ❙❝❤ür♠❛♥♥ ❬❙❝❤✾✵❪ ✉❞♦✇♦❞♥✐➟✱ ➺❡ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ✐st♥✐❡❥❡ ♥❛ ❞♦✇♦❧♥②❝❤ ♣r③❡♠✐✲
❡♥♥②❝❤ ∗✲❜✐❛❧❣❡❜r❛❝❤ ♦r❛③ ♥❛ ❛❧❣❡❜r③❡ ❇r♦✇♥❛✲●❧♦❝❦♥❡r❛✲✈♦♥ ❲❛❧❞❡♥❢❡❧s❛ K〈n〉✳ ❆❧❣❡❜r❛ K〈n〉 t♦
✉♥✐✇❡rs❛❧♥❛ ∗✲❛❧❣❡❜r❛ ③ ❥❡❞♥②♥❦→ ❣❡♥❡r♦✇❛♥❛ ♣r③❡③ n2 ✭♥✐❡❦♦♠✉t✉❥→❝②❝❤✮ ❡❧❡♠❡♥tó✇ xjk ✭j, k =
1, 2, ...n✮✱ s♣❡➟♥✐❛❥→❝②❝❤ r❡❧❛❝❥❡ ❦♦❞✉❥→❝❡ ✉♥✐t❛r♥♦➧➣ ♠❛❝✐❡r③② x = (xjk)

n
j,k=1 ∈ Mn(K〈n〉)✿ xx∗ =

I = x∗x. ❩✇ró❝➛ t✉ ✉✇❛❣➛ ♥❛ ❢❛❦t✱ ➺❡ K〈n〉 ♥✐❡ ❥❡st ❣r✉♣→ ❦✇❛♥t♦✇→✱ ❛ ❥❡❞②♥✐❡ ❦✇❛♥t♦✇②♠
♦❞♣♦✇✐❡❞♥✐❦✐❡♠ ♣ó➟❣r✉♣② ✭♠❛❝✐❡r③ x ✐s ♥✐❡ ❥❡st ♦❞✇r❛❝❛❧♥❛ ✇ Mn(K〈n〉)✮✳

❲ ✶✾✾✽✱ ▼✳ ❙❝❤ür♠❛♥♥ ✐ ▼✳ ❙❦❡✐❞❡ ❬❙❙✾✽❪ ♣♦❦❛③❛❧✐✱ ➺❡ ❦❛➺❞② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ♥❛ ❣r✉♣✐❡
❦✇❛♥t♦✇❡❥ SUq(2) ✭q ∈ (−1, 1) \ {0}✮ ♣♦s✐❛❞❛ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ Pr③❡③ ♣♦♥❛❞ ❞③✐❡s✐➛➣
❦♦❧❡❥♥②❝❤ ❧❛t ♥✐❡ ♥❛st→♣✐➟ ➺❛❞❡♥ ♣♦st➛♣ ✇ ❜❛❞❛♥✐✉ ✇➟❛s♥♦➧❝✐ ✭▲❑✮✱ ✇ s③❝③❡❣ó❧♥♦➧❝✐ ♥❛❞❛❧ ♥✐❡
✇✐❛❞♦♠♦✱ ❝③② ♣♦s✐❛❞❛❥→ ❥→ ❣r✉♣② SUq(n) ❞❧❛ n ≥ 3✳

P✐❡r✇s③② ♣r③②❦➟❛❞ ∗✲❜✐❛❧❣❡❜r②✱ ❦tór❡ ♥✐❡ ♠❛ ✇➟❛s♥♦➧❝✐ ✭▲❑✮ ③♦st❛➟ ③♥❛❧❡③✐♦♥② ✇ r♦❦✉ ✷✵✶✺
♣r③❡③ ❯✳ ❋r❛♥③❛✱ ▼✳ ●❡r❤♦❧❞❛ ✐ ❆✳ ❚❤♦♠❛ ❬❋●❚✶✺✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸❪✳ ❏❡st t♦ ❛❧❣❡❜r❛ ❣r✉♣♦✇❛
♣♦❞st❛✇♦✇❡❥ ❣r✉♣② ❞♦♠❦♥✐➛t❡❥✱ ③♦r✐❡♥t♦✇❛♥❡❥ ♣♦✇✐❡r③❝❤♥✐ ♦ ❣❡♥✉s✐❡ ❝♦ ♥❛❥♠✐❡❥ ✷✳ ❏❡st t♦ ③❛t❡♠
∗✲❜✐❛❧❣❡❜r❛ ❦♦♣r③❡♠✐❡♥♥❛✳

▼ó❥ ✇❦➟❛❞ ✇ ❜❛❞❛♥✐❛ ♣r♦❜❧❡♠✉ ✐st♥✐❡♥✐❛ r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ❥❡st ♥❛st➛♣✉❥→❝②✿

✭❛✮ ❲ ✷✵✶✺✱ ✇ ❛rt②❦✉❧❡ ❬❍✹❪✱ ♣♦❦❛③❛❧✐➧♠② ✭✇s♣ó❧♥✐❡ ③ ❇✳ ❉❛s❡♠✱ ❯✳ ❋r❛♥③❡♠ ✐ ❆✳ ❙❦❛❧s❦✐♠✮✱
➺❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡ ③❞❡✜♥✐♦✇❛♥❡ ♥❛ ∗✲❛❧❣❡❜r❛❝❤ ❍♦♣❢❛ ✐ s♣❡➟♥✐❛❥→❝❡ ♣❡✇♥❡ ✇❛r✉♥❦✐
s②♠❡tr✐✐ ③❛✇s③❡ ♣♦s✐❛❞❛❥→ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳

✭❜✮ ❲ ✷✵✶✻✱ ✉❞♦✇♦❞♥✐❧✐➧♠② ✇ ❬❍✺❪ ✭✇s♣ó❧♥✐❡ ③ ❯✳ ❋r❛♥③❡♠ ✐ ❆✳ ❙❦❛❧s❦✐♠✮✱ ➺❡ ✇♦❧♥❛ ❣r✉♣❛ ♣❡r✲
♠✉t❛❝❥✐ S+

n ♥✐❡ ♣♦s✐❛❞❛ ♥✐❡③❡r♦✇❡❣♦ ❣❡♥❡r❛t♦r❛ ❣❛✉ss♦✇s❦✐❡❣♦✱ ✇✐➛❝ ✕ tr②✇✐❛❧♥✐❡ ✕ ♠❛ ✇➟❛s✲
♥♦➧➣ ✭▲❑✮✳ ❚❡♥ r❡③✉❧t❛t ③♦st❛➟ ♣ó➵♥✐❡❥ ✉♦❣ó❧♥✐♦♥② ♣r③❡③ ❏ ❇✐❝❤♦♥❛✱ ❯✳ ❋r❛♥③❛ ✐ ▼✳ ●❡r❤♦❧❞❛
❬❇❋●✶✼❪ ♥❛ ❛❧❣❡❜r② S+

N/〈uD = Du〉✱ ❣❞③✐❡ D ❥❡st ♠❛❝✐❡r③→ ③❡s♣♦❧♦♥→✳ ❉❧❛ ♦❞♣♦✇✐❡❞♥✐♦ ❞♦✲
❜r❛♥②❝❤ ♠❛❝✐❡r③② D ❞♦st❛❥❡♠② ❥❛❦♦ s③❝③❡❣ó❧♥❡ ♣r③②♣❛❞❦✐ ❦✇❛♥t♦✇❡ ❣r✉♣② r❡✢❡❦s❥✐ ♦r❛③ ❣r✉♣②
❦✇❛♥t♦✇②❝❤ ❛✉t♦♠♦r✜③♠ó✇ ❣r❛❢ó✇✳ ❲②♥✐❦✐ ③ ❬❇❋●✶✼❪ ♣♦❦❛③✉❥→ t❛❦➺❡✱ ➺❡ S+

n ♠❛ ✇➟❛s♥♦➧❝✐
✭●❈✮ ♦r❛③ ✭◆❈✮✳

✭❝✮ ❲ ✷✵✶✽✱ ✇②❦❛③❛❧✐➧♠② ✇ ❬❍✻❪ ✭✇s♣ó❧♥✐❡ ③ ❇✳ ❉❛s❡♠✱ ❯✳ ❋r❛♥③❡♠ ✐ ❆✳ ❙❦❛❧s❦✐♠✮✱ ➺❡ ✉♥✐✇❡rs❛❧♥❡
✉♥✐t❛r♥❡ ✐ ♦rt♦❣♦♥❛❧♥❡ ❣r✉♣② ❦✇❛♥t♦✇❡ U+

F ✐ O+
F ♠❛❥→ ✇➟❛s♥♦➧❝✐ ✭●❈✮ ✐ ✭▲❑✮✱ ♦ ✐❧❡ F ∗F ♠❛

t②❧❦♦ ❥❡❞♥♦❦r♦t♥❡ ✇❛rt♦➧❝✐ ✇➟❛s♥❡✳ ❲ ❞r✉❣✐❡❥ str♦♥②✱ ✉❞♦✇♦❞♥✐❧✐➧②✱ ➺❡ U+
n ✭d ≥ 2✮ ✐ O+

n

✭d ≥ 3✮ ♥✐❡ ♠❛❥→ ➺❛❞♥❡❥ ③ ✇➟❛s♥♦➧❝✐ ✭●❈✮✱ ✭◆❈✮ ❝③② ✭▲❑✮✳ ❈❤❝✐❛➟❛❜②♠ ♣♦❞❦r❡➧❧✐➣✱ ➺❡ r♦❞③✐♥②
✇♦❧♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ U+

d ✐ O+
d st❛♥♦✇✐→ ♣✐❡r✇s③② ③♥❛♥② ♣r③②❦➟❛❞ ♥✐❡❦♦♣r③❡♠✐❡♥♥②❝❤

✭❝③②❧✐ t❛❦➺❡ ♥✐❡tr②✇✐❛❧♥②❝❤✮ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ ❜❡③ r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳

P♦♥✐➺❡❥ ♣r❡③❡♥t✉❥➛ ❞♦❦➟❛❞♥✐❡❥s③② ♦♣✐s ✇s♣♦♠♥✐❛♥②❝❤ ♣♦✇②➺❡❥ r❡③✉❧t❛tó✇✳

✸✳✺✳✶ ❙②♠❡tr②❝③♥❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡

Pr③② ♦❦❛③❥✐ ❜❛❞❛♥✐❛ ✇➟❛s♥♦➧❝✐ ✭❚✮ ❑❛③❤❞❛♥❛ ❞❧❛ ❞②s❦r❡t♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✱ ❉✳ ❑②❡❞ ✇②❦❛③❛➟
✭♣♦✇♦➟✉❥→❝ s✐➛ ♥❛ ♥✐❡♦♣✉❜❧✐❦♦✇❛♥❡ ♥♦t❛t❦✐ ❘✳ ❱❡r❣♥✐♦✉①✮✱ ➺❡ r③❡❝③②✇✐st❡ ❦♦❝②❦❧❡ ③❛✇s③❡ ♣♦s✐❛❞❛❥→
❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝②❡ ❬❑✶✶✱ ❚❤❡♦r❡♠ ✹✳✻❪✳ ❇②❝✐❡ ✏r③❡❝③②✇✐st②♠✑ ❥❡st t❛♠ r♦③✉♠✐❛♥❡ ❥❛❦♦ s♣❡❝②✲
✜❝③♥❛ ✐♥t❡r❛❦❝❥❛ ③ ❦♦♦❞✇r♦t♥♦➧❝✐→ S ❛❧❣❡❜r② Pol(G) ✭♣❛tr③ ❉❡✜♥✐❝❥❛ ✸✳✷✺ ♣♦♥✐➺❡❥ ❞❧❛ ♣r③②♣❛❞❦✉
α = id✮✳ ❲ ❬❍✹❪ ✉♦❣ó❧♥✐❧✐➧♠② ✇②♥✐❦ ❑②❡❞❛ ✭✐ ❱❡r❣♥✐♦✉①✮ ❞♦ s②t✉❛❝❥✐✱ ✇ ❦tór❡❥ ✇❛r✉♥❡❦ r③❡❝③②✲
✇✐st♦➧❝✐ ❥❡st ❞♦❞❛t❦♦✇♦ ③❛❜✉r③♦♥② ✭s❦r➛❝♦♥②✮ ♣r③❡③ ♦❞✇③♦r♦✇❛♥✐❡ ♥❛③✇❛♥❡ ♣r③❡③ ♥❛s ❜✐❥❡❦❝❥→ ❞♦✲

♣✉s③❝③❛❧♥→✳
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❉❡❢✐♥✐❝❥❛ ✸✳✷✹✳ ◆✐❡❝❤ A ❜➛❞③✐❡ ∗✲❛❧❣❡❜r→ ❍♦♣❢❛✳ ❖❞✇③♦r♦✇❛♥✐❡ α : A → A ♥❛③②✇❛♠② ❜✐❥❡❦❝❥→

❞♦♣✉s③❝③❛❧♥→✱ ❥❡➧❧✐ s♣❡➟♥✐❛ ♥❛st➛♣✉❥→❝❡ ✇❛r✉♥❦✐✿
✭✶✮ α ❥❡st ❤♦♠♦♠♦r✜③♠❡♠❀
✭✷✮ α ◦ ∗ ◦ α ◦ ∗ = id❀
✭✸✮ (α⊗ α) ◦∆ = ∆ ◦ α❀
✭✹✮ ♦❞✇③♦r♦✇❛♥✐❡ ❧✐♥✐♦✇❡ (id + α) : A→ A ❥❡st ❜✐❥❡❦❝❥→❀
✭✺✮ ♦❞✇③♦r♦✇❛♥✐❡ ❧✐♥✐♦✇❡ (id⊗ id + α⊗ α) : A⊗A→ A⊗A ❥❡st ❜✐❥❡❦❝❥→✳

❉✇❛ ♣r③②❦➟❛❞② ❜✐❥❡❦❝❥✐ ❞♦♣✉s③❝③❛❧♥②❝❤ ♥❛ A = Pol(G) t♦✿ ✐❞❡♥t②❝③♥♦➧➣ ♦r❛③ ❛✉t♦♠♦r✜③♠②
s❦❛❧✉❥→❝❡ ✭❛♥❣✳ s❝❛❧✐♥❣ ❛✉t♦♠♦r♣❤✐s♠s✮ τit✱ t ∈ R ✭♣❛tr③ str♦♥❛ ✺✱ ③ ❦tór②❝❤ s③❝③❡❣ó❧♥→ r♦❧➛ ❣r❛
τ−i/2✳

❉❡❢✐♥✐❝❥❛ ✸✳✷✺✳ ❉❧❛ ❞❛♥❡❥ ❜✐❥❡❦❝❥✐ ❞♦♣✉s③❝③❛❧♥❡❥ α : A → A✱ ③➟♦➺❡♥✐❡ Sα = S ◦ α ♥❛③②✇❛♠②
α✲s❦r➛❝♦♥→ ❦♦♦❞✇r♦t♥♦➧❝✐→✳ P♦✇✐❡♠②✱ ➺❡ ❦♦❝②❦❧ η : A→ D ❥❡st α✲r③❡❝③②✇✐st②✱ ❥❡➧❧✐

〈η(a), η(b)〉 = 〈η(Sα(b)∗), η(Sα(a∗))〉, a, b ∈ A.

❾❛t✇♦ s♣r❛✇❞③✐➣✱ ➺❡ ❥❡➧❧✐ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ ❥❡st Sα✲♥✐❡③♠✐❡♥♥✐❝③②✱ t③♥✳ ψ ◦ Sα = ψ✱
t♦ ③✇✐→③❛♥② ③ ♥✐♠ ✭♣r③❡③ tró❥❦➛ ❙❝❤ür♠❛♥♥❛ ✐ ✇❛r✉♥❡❦ ✭✶✶✮✮ ❦♦❝②❦❧ ❥❡st α✲r③❡❝③②✇✐st② ✭❬❍✹✱
▲❡♠♠❛ ✷✳✸❪✮✳ ●➟ó✇♥→ ♥♦✇♦➧❝✐→ ✇ ❬❍✹❪ ❥❡st ♦❞✇ró❝❡♥✐❡ t❡❥ ✐♠♣❧✐❦❛❝❥✐✱ ❝③②❧✐ ✇②❦❛③❛♥✐❡✱ ➺❡ ❦❛➺❞②
α✲r③❡❝③②✇✐st② ❦♦❝②❦❧ ♣♦s✐❛❞❛ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②✱ ❦tór② ❥❡st Sα✲♥✐❡③♠✐❡♥♥✐❝③②✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✷✻ ✭❬❍✹✱ ❚❤❡♦r❡♠ ✷✳✼❪✮✳ ◆✐❡❝❤ A ❜➛❞③✐❡ ∗✲❛❧❣❡❜r→ ❍♦♣❢❛✱ α : A→ A ❜➛❞③✐❡ ❜✐❥❡❦❝❥→

❞♦♣✉s③❝③❛❧♥→ ✐ ♥✐❡❝❤ η ❜➛❞③✐❡ α✲r③❡❝③②✇✐st②♠ ❦♦❝②❦❧❡♠ ♥❛ A✳ ❲ó✇❝③❛s ✇③ór

ψ((id + α)(a)) = −〈η(Sα(a(1))∗), η(α(a(2)))〉 = −〈η(α(a(1))∗), η(Sα(a(2)))〉. ✭✶✽✮

❞❡✜♥✐✉❥❡ Sα✲♥✐❡③♠✐❡♥♥✐❝③② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ s♣❡➟♥✐❛❥→❝② ✭✶✶✮✳

❉❡✜♥✐❝❥❛ ψ ❥❡st ♣♦♣r❛✇♥❛✿ id + α ❥❡st ❜✐❥❡❦❝❥→ ✐ ♠♦➺♥❛ ♣♦❦❛③❛➣✱ ➺❡ ♦❜❛ ✇③♦r② ③ ♣r❛✇❡❥ str♦♥②
✭✶✽✮ s→ ró✇♥❡✳ ❲❛➺♥②♠ ❦r♦❦✐❡♠ ❞♦✇♦❞✉ ❥❡st ♦❜s❡r✇❛❝❥❛✱ ➺❡ α ❦♦♠✉t✉❥❡ ③ ♦♣❡r❛t♦r❡♠ ❜r③❡❣♦✇②♠
t❥✳ α ◦ d = d ◦ (α⊗ α)✱ ❣❞③✐❡ d : A⊗A→ A✱

d(a⊗ b) = ε(a)b− ab+ aε(b), a, b ∈ A.

P♦✇②➺s③② r❡③✉❧t❛t ❥❡st ❜❧✐s❦♦ ③✇✐→③❛♥② ③ ♣②t❛♥✐❡♠ ♦ ✐st♥✐❡♥✐❡ r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳
▼✐❛♥♦✇✐❝✐❡ ♣♦③✇♦❧✐➟ ♦♥ ♣♦❦❛③❛➣ ❬❍✹✱ ❚❤❡♦r❡♠ ✸✳✹❪✱ ➺❡ ❦❛➺❞② ♣r♦❝❡s ▲é✈②✬❡❣♦✱ ❦tór❡❣♦ ❢✉♥❦❝❥♦♥❛➟
❣❡♥❡r✉❥→❝② ❥❡st Sα✲♥✐❡③♠✐❡♥♥✐❝③②✱ ♣♦③✇❛❧❛ ♥❛ ❡❦str❛❦❝❥➛ ❥❡❣♦ ♠❛❦s②♠❛❧♥❡❥ ❝③➛➧❝✐ ❣❛✉ss♦✇s❦✐❡❥✱ ③❛✲
t❡♠ ♣♦s✐❛❞❛ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ ●➟ó✇②♠ ❡❧❡♠❡♥t❡♠ ✇ ❞♦✇♦❞③✐❡✱ ♣♦③❛ ❚✇✐❡r❞③❡♥✐❡♠
✸✳✷✻✱ ❜②➟♦ ✇②❦❛③❛♥✐❡✱ ➺❡ ♠❛❦s②♠❛❧♥② ❦♦❝②❦❧ ❣❛✉ss♦✇s❦✐ ηG ❦♦❝②❦❧✉ α✲r③❡❝③②✇✐st❡❣♦ t❛❦➺❡ ❥❡st
α✲r③❡❝③②✇✐st② ❬❍✹✱ ▲❡♠♠❛ ✸✳✸❪✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✷✻ ♦❦❛③❛➟♦ s✐➛ ♠✐❡➣ t❛❦➺❡ ✐♥♥❡ ❝✐❡❦❛✇❡ ③❛st♦s♦✇❛♥✐❡✳ ❉③✐➛❦✐ ♥✐❡♠✉ ✉❞❛➟♦ s✐➛ ♥❛♠
❬❍✹✱ ❚❤❡♦r❡♠ ✸✳✻❪ ✉♣r♦➧❝✐➣ ❝❤❛r❛❦t❡r②③❛❝❥➛ ✇➟❛s♥♦➧❝✐ ❍❛❛❣❡r✉♣❛ ❞❧❛ ❞②s❦r❡t♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✳
❲ ❬❉❋❙❲✶✻✱ ❚❤❡♦r❡♠ ✼✳✷✸❪ ♣♦❦❛③❛♥♦ ♠✐❛♥♦✇✐❝✐❡✱ ➺❡ ❞②s❦r❡t♥❛ ❣r✉♣❛ ❦✇❛♥t♦✇❛ Ĝ ♠❛ ✇➟❛s♥♦➧➣
❍❛❛❣❡r✉♣❛✱ ❥❡➧❧✐ ❥❡❥ ❞✉❛❧♥❛ ✭③✇❛rt❛✮ ❣r✉♣❛ ❦✇❛♥t♦✇❛ G ♣♦s✐❛❞❛ r③❡❝③②✇✐st② ✇➟❛➧❝✐✇② ❦♦❝②❦❧✳ ▼② ③❛✲
✉✇❛➺②❧✐➧♠②✱ ➺❡ ❞♦ ✇②❦❛③❛♥✐❛ ✇➟❛s♥♦➧❝✐ ❍❛❛❣❡r✉♣❛ ✇②st❛r❝③② ③♥❛❧❡➵➣ ❦♦❝②❦❧ ✇➟❛➧❝✐✇② ✭♥✐❡❦♦♥✐❡❝③♥✐❡
r③❡❝③②✇✐st②✮✳ ❲ ❞♦✇♦❞③✐❡✱ ❦♦❝②❦❧ ✇➟❛➧❝✐✇②✱ ❦tór❡❣♦ ✐st♥✐❡♥✐❡ ③❛❦➟❛❞❛♠②✱ s②♠❡tr②③✉❥❡♠② ❞♦ η + η̄
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✭♦♣❡r❛❝❥❛ ♦♣✐s❛♥❛ ✇ ❬❍✸✱ ❚❤❡♦r❡♠ ✺✳✹❪✱ ❞❡✜♥✐❝❥❛ η̄ ❥❡st ♣♦❞❛♥❛ ♥❛ str♦♥✐❡ ✶✽✮✳ ◆❛st➛♣♥✐❡ ✇②❦❛③✉✲
❥❡♠②✱ ➺❡ t❛❦✐ ③s②♠❡tr②③♦✇❛♥② ❦♦❝②❦❧ ❥❡st τi/2✲r③❡❝③②✇✐st②✱ ❝③②❧✐ ③❣♦❞♥✐❡ ③ ❚✇✐❡r❞③❡♥✐❡♠ ✸✳✷✻ ♣♦s✐❛❞❛
❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②✱ ❞♦ ❦tór❡❣♦ ♥❛st➛♣♥✐❡ st♦s✉❥❡♠② ♣r♦❝❡❞✉r➛ ✉➧r❡❞♥✐❛♥✐❛ ✭③ ❞♦✇♦❞✉ Pr♦♣♦s✐✲
t✐♦♥ ✼✳✶✼✱ ❬❉❋❙❲✶✻❪✮✳ ❲ t❡♥ s♣♦só❜ ✉③②s❦✉❥❡♠② S✲♥✐❡③♠✐❡♥♥✐❝③② ✇➟❛➧❝✐✇② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②✱
❛ ③✇✐→③❛♥② ③ ♥✐♠ ✭♣r③❡③ tró❥❦➛ ❙❝❤☎r✉♠❛♥♥❛✮ ❦♦❝②❦❧ ❥❡st ✇➟❛➧❝✐✇② ✐ r③❡❝③②✇✐st②✳

✸✳✺✳✷ ❲♦❧♥❛ ❣r✉♣❛ ♣❡r♠✉t❛❝❥✐

Pr❛❝❛ ❬❍✺❪ s❦✉♣✐❛ s✐➛ ♥❛ ❜❛❞❛♥✐✉ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ ♥❛ ❣r✉♣✐❡ S+
n ✳ ❈③➛➧➣ ♦r②❣✐♥❛❧♥❛ t❡❥ ♣r❛❝②

③❛❝③②♥❛ s✐➛ ❥❡❞♥❛❦ ♦❞ ✇❛➺♥❡❣♦ r❡③✉❧t❛t✉ ♥❛t✉r② ♦❣ó❧♥❡❥ ✕ ♣♦❞❛❥❡♠② ✇❛r✉♥❡❦ ❦♦♥✐❡❝③♥② ✐ ✇②st❛r✲
❝③❛❥→❝② ♥❛ t♦✱ ❛❜② tró❥❦➛ ❙❝❤ür♠❛♥♥❛ ♠♦➺♥❛ ❜②➟♦ ♣r③❡♥✐❡➧➣ ③ ❛❧❣❡❜r② ♥❛ ❥❡❥ ✐❧♦r❛③✳

▲❡♠❛t ✸✳✷✼ ✭❬❍✺✱ ▲❡♠♠❛ ✺✳✽❪✮✳ ◆✐❡❝❤ B ❜➛❞③✐❡ ∗✲❛❧❣❡❜r→ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ r♦❞③✐♥➛ ❡❧❡♠❡♥tó✇

a1, . . . , an✱ ♥✐❡❝❤ ε ❜➛❞③✐❡ ∗✲❝❤❛r❛❦t❡r❡♠ ♥❛ B ✐ ♥✐❡❝❤ (ρ, η, ψ) ❜➛❞③✐❡ tró❥❦→ ❙❝❤ür♠❛♥♥❛ ♥❛ (B, ε)✳
◆✐❡❝❤ ♣♦♥❛❞t♦ A ❜➛❞③✐❡ ✐❧♦r❛③❡♠ B ♣r③❡③ ♦❜✉str♦♥♥② ✐❞❡❛➟ ❣❡♥❡r♦✇❛♥② ♣r③❡③ s❛♠♦s♣r③➛➺♦♥❡ r❡❧❛❝❥❡

r1(a1, . . . , an) = 0✱ . . .✱ rk(a1, . . . , an) = 0✳
❏❡➧❧✐ ♦❞✇③♦r♦✇❛♥✐❛ ε✱ ρ✱ η ✐ ψ ③♥✐❦❛❥→ ♥❛ r1, . . . , rk✱ t♦ (ρ, η, ψ) ❥❡st tró❥❦→ ❙❝❤ür♠❛♥♥❛ ♥❛

(A, ε|A)✳

P♦✇②➺s③② ✇②♥✐❦ ❜②➟ ✐st♦t♥②♠ ❦r♦❦✐❡♠ ✇ ❜❛❞❛♥✐❛❝❤ ✐st♥✐❡♥✐❛ ❢✉♥❦❝❥♦♥❛➟ó✇ ❣❡♥❡r✉❥→❝②❝❤ ♥✐❡
t②❧❦♦ ♥❛ S+

n ✱ ❛❧❡ t❛❦➺❡ ♥❛ U
+
n ✐ O+

n ✭③ ♣r❛❝② ❬❍✻❪✱ ♣❛tr③ P♦❞r♦③❞③✐❛➟ ✸✳✺✳✸✮✳
❉❧❛ ❣r✉♣② S+

n =
(

C(S+
n ), (pjk)

n
j,k=1

)

✱ ❜❛③✉❥→❝ ♥❛ ▲❡♠❛❝✐❡ ✸✳✷✼✱ ✇②❦❛③❛❧✐➧♠②✱ ➺❡ ❞♦✇♦❧♥② ρ✲ε✲
❦♦❝②❦❧ η ❥❡st ❥❡❞♥♦③♥❛❝③♥✐❡ ✇②③♥❛❝③♦♥② ♣r③❡③ s✇♦❥❡ ✇❛rt♦➧❝✐ ♥❛ ❣❡♥❡r❛t♦r❛❝❤ ❞✐❛❣♦♥❛❧♥②❝❤ pjj ✱ j =
1, . . . , n ❬❍✺✱ ▲❡♠♠❛ ✽✳✶❪ ♦r❛③✱ ➺❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡ ♥❛ S+

n ✭✇✐➛❝ t❛❦➺❡ ♣r♦❝❡s② ▲é✈②✬❡❣♦ ♥❛ S+
n ✮

s→ ❥❡❞♥♦③♥❛❝③♥✐❡ ✇②③♥❛❝③♦♥❡ ♣r③❡③ ③✇✐→③❛♥❡ ③ ♥✐♠✐ ❦♦❝②❦❧❡ ❬❍✺✱ ▲❡♠♠❛ ✽✳✷❪✳ ❋✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②
ψ ③✇✐→③❛♥② ③ ❦♦❝②❦❧❡♠ η ❥❡st ③❞❡✜♥✐♦✇❛♥② ♥❛ ❣❡♥❡r❛t♦r❛❝❤ ❥❛❦♦ ψ(pjk) = (−1)δjk‖η(pjk)‖2 ❞❧❛
j, k = 1, . . . , n✳ ❖③♥❛❝③❛ t♦✱ ➺❡ S+

n ♠❛ ✇➟❛s♥♦➧➣ s✐❧♥✐❡❥s③→ ♥✐➺ ✭●❈✮ ✐ ✭◆❈✮✿ ❦❛➺❞❛ ♣❛r❛ (ρ, η)
♣♦s✐❛❞❛ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②✱ ❝③②❧✐ t❛❦➺❡ ✇➟❛s♥♦➧➣ ✭▲❑✮✳ ❖❦❛③✉❥❡ s✐➛ ❥❡❞♥❛❦✱ ➺❡ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲
❈❤✐♥❝③②♥❛ ❥❡st tr②✇✐❛❧♥②✿ ♥✐❡ ✐st♥✐❡❥→ ♥✐❡③❡r♦✇❡✱ ❣❛✉ss♦✇s❦✐❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡ ♥❛ S+

n ❬❍✺✱
Pr♦♣♦s✐t✐♦♥ ✽✳✼❪✳

❩✇ró➣♠② ✉✇❛❣➛✱ ➺❡ ♦♣✐s❛♥❛ ♣♦✇②➺❡❥ ❥❡❞♥♦③♥❛❝③♥♦➧➣ ❢✉♥❦❝❥♦♥❛➟✉ ③✇✐→③❛♥❡❣♦ ③ ❞❛♥②♠ ❦♦❝②❦❧❡♠
♥✐❡ ❥❡st ③❥❛✇✐s❦✐❡♠ t②♣♦✇②♠ ✕ ③✇②❦❧❡ ❦♦❝②❦❧ η ❞❡t❡r♠✐♥✉❥❡ ❢✉♥❦❝❥♦♥❛➟ ψ ♣♦♣r③❡③ r❡❧❛❝❥➛

ψ(ab) = 〈η(a∗), η(b)〉, a, b ∈ ker ε,

❝③②❧✐ t②❧❦♦ ③ ❞♦❦➟❛❞♥♦➧❝✐→ ❞♦ K1 \ K2✳ ❖③♥❛❝③❛♠② t✉t❛❥ Kn := Span{a1 . . . an; aj ∈ ker ε}✳ ❲
♣r③②♣❛❞❦✉ ❣r✉♣② S+

n ✱ ♠❛♠② pjk = p2jk ∈ K2 ❞❧❛ j 6= k ♦r❛③ pjj − 1 = −(pjj − 1)2 ∈ K2✱ ❝③②❧✐
K2 = K1✳

❏❡❞❡♥ ③ ♥❛❥✇❛➺♥✐❡❥s③②❝❤ r❡③✉❧t❛tó✇ ♣r❛❝② ❬❍✺❪ ❞♦t②❝③② ❦❧❛s②✜❦❛❝❥✐ ♣r♦❝❡só✇ ▲é✈②✬❡❣♦ S+
n ❞❧❛

❞❛♥❡❥ ∗✲r❡♣r❡③❡♥t❛❝❥✐ ρ✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✷✽ ✭❬❍✺✱ ❈♦rr♦❧❛r② ✽✳✻❪✮✳ ■st♥✐❡❥❡ ❥❡❞♥♦③♥❛❝③♥❛ ♦❞♣♦✇✐❡❞♥✐♦➧➣ ♠✐➛❞③② ♣r♦❝❡s❛♠✐

▲é✈②✬❡❣♦ ♥❛ S+
n ✭③ ❞♦❦❧❛❞♥♦➧❝✐→ ❞♦ ró✇♥♦✇❛➺♥♦➧❝✐✮ ❛ ❦❧❛s❛♠✐ ró✇♥♦✇❛➺♥♦➧❝✐ ✉❦➟❛❞ó✇

(ρ; ξ1, ξ2, . . . , ξn),

✷✻



③➟♦➺♦♥②❝❤ ③ ∗✲r❡♣r❡③❡♥t❛❝❥✐ ρ ♥❛ ♣❡✇♥❡❥ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ H ✐ ✇❡❦t♦ró✇ ξ1, ξ2, . . . , ξn ∈ H s♣❡➟✲

♥✐❛❥→❝②❤ r❡❧❛❝❥❡

ρ(pjj)ξj = 0 ♦r❛③ ρ(pjk)ξj = ρ(pjk)ξk ❞❧❛ ❞♦✇♦❧♥②❝❤ j, k = 1, . . . , n. ✭✶✾✮

P♦♥✐❡✇❛➺ ❞❧❛ n ≥ 5✱ ❈∗✲❛❧❣❡❜r② C(S+
n ) ♥✐❡ s→ t②♣✉ ■✱ ✐❝❤ t❡♦r✐❛ r❡♣r❡③❡♥t❛❝❥✐ ❥❡st ③❜②t tr✉❞♥❛

❞♦ ♦♣✐s❛♥✐❛✳ ❲ ❬❍✺❪ ③❜❛❞❛❧✐➧♠② ✇②❜r❛♥❡ ∗✲r❡♣r❡③❡♥t❛❝❥❡ ❛❧❣❡❜r② C(S+
n )✱ ♥♣✳ t❡ ♣♦❝❤♦❞③❛❝❡ ♦❞

❦❧❛s②❝③♥②❝❤ ♣❡r♠✉t❛❝❥✐ ❛❧❜♦ ♠❛❝✐❡r③② ❋♦✉r✐❡r❛✲❍❛❞❛♠❛r❞❛✱ ♦♣✐s✉❥→❝ ③✇✐→③❛♥❡ ③ ♥✐♠✐ ❦♦❝②❦❧❡ ✐
❧✐❝③→❝ ❣r✉♣② ❦♦❤♦♠♦❧♦❣✐✐✱ ❝③②❧✐ ❣r✉♣② ✐❧♦r❛③♦✇❡ ✇s③②st❦✐❝❤ ρ✲ε✲❦♦❝②❦❧✐ ♣r③❡③ ❦♦❝②❦❧❡ ♣♦❝❤♦❞③→❝❡ ♦❞
♣r♦❝❡só✇ P♦✐ss♦♥❛ ✭♣❛tr③ Pr③②❦❧❛❞ ✸✳✶✹✳ ◆❛s③❡ ❜❛❞❛♥✐❛ ♣♦❦❛③❛➟②✱ ➺❡ ✇♦❧♥❛ ❣r✉♣❛ ♣❡r♠✉t❛❝❥✐ ♠❛
str✉❦t✉r➛ ❞✉➺♦ ❜♦❣❛ts③→ ♥✐➺ ❥❡❥ ❦❧❛s②❝③♥② ♦❞♣♦✇✐❡❞♥✐❦✱ ❝③②❧✐ ❣r✉♣❛ Sn✳

✸✳✺✳✸ ❘♦③❦➟❛❞ ✭▲❑✮ ❞❧❛ ✉♥✐✇❡rs❛❧♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤

❲ ♣r❛❝② ❬❍✻❪✱ ✇r❛③ ③ ❇✳ ❉❛s❡♠✱ ❯✳ ❋r❛♥③❡♠ ✐ ❆✳ ❙❦❛❧s❦✐♠✱ ❜❛❞❛❧✐➧♠② ♣r♦❜❧❡♠ ✐st♥✐❡♥✐❛ r♦③❦➟❛❞✉
▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ❞❧❛ ♣r③②♣❛❞❦✉ ✉♥✐✇❡rs❛❧♥②❝❤ ✭✉♥✐t❛r♥②❝❤ ✐ ♦rt♦❣♦♥❛❧♥②❝❤✮ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✳
❙❦✉♣✐❧✐➧♠② s✐➛ ♥❛ ❞✇ó❝❤ s❦r❛❥♥②❝❤ t②♣❛❝❤ ✉♥✐✇❡rs❛❧♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✿ ❣❡♥❡r②❝③♥❡❥ ✭✇ ❦tór❡❥
✇❛rt♦➧❝✐ ✇➟❛s♥❡ F ∗F s→ ♣❛r❛♠✐ ró➺♥❡✮ ♦r❛③ ♠❛❦s②♠❛❧♥✐❡ ③❞❡❣❡♥❡r♦✇❛♥❡❥ ✭❣❞② F = I✮✳ ❲ ♣r③②✲
♣❛❞❦✉ ❣❡♥❡r②❝③♥②♠ ♣♦❦❛③❛❧✐➧♠② ✭❚✇✐❡r❞③❡♥✐❡ ✷✳✶✱ ❬❍✻❪✮✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ ❦♦❝②❦❧✉ ❣❛✉ss♦✇s❦✐❡❣♦ ♥❛
U+
F ❧✉❜ O+

F ✐st♥✐❡❥❡ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②✳ ■st♦t♥✐❡✱ ♠♦➺♥❛ ♣♦❦❛③❛➣✱ ➺❡ ❦❛➺❞② ❦♦❝②❦❧ ❣❛✉ss♦✇s❦✐ ♥❛
U+
F ♣r③②❥♠✉❥❡ ♥✐❡③❡r♦✇❡ ✇❛rt♦➧❝✐ t②❧❦♦ ❞❧❛ ❣❡♥❡r❛t♦ró✇ ❞✐❛❣♦♥❛❧♥②❝❤✱ ❛ ✇ó✇❝③❛s

ψ(ujk) =

{

0 ❞❧❛ j 6= k,

−1
2‖ηu(ukk)‖2 ❞❧❛ j = k,

❞❡✜♥✐✉❥❡ ♣♦♣r❛✇♥✐❡ ♦❦r❡➧❧♦♥② ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ♦❦r❡➧❧♦♥② ♥❛ U+
F ✳ ❋✉♥❦❝❥♦♥❛➟ t❡♥ ♠♦➺♥❛

♥❛st➛♣♥✐❡ ✬r③✉t♦✇❛➣✬ ♥❛ ♣♦❞❣r✉♣➛ O+
F ✱ ✉③②s❦✉❥→❝ ❛♥❛❧♦❣✐❝③♥❡ r❡③✉❧t❛t② ❞❧❛ ♣r③②♣❛❞❦✉ ♦rt♦❣♦♥❛❧✲

♥❡❣♦✳ ❩❛t❡♠ ❣❡♥❡r②❝③♥❡ ❣r✉♣② U+
F ✐ O+

F ♣♦s✐❛❞❛❥→ ✇➟❛s♥♦➧➣ ✭●❈✮✱ ❝♦ ③ ❦♦❧❡✐ ❣✇❛r❛♥t✉❥❡ ✐st♥✐❡♥✐❡
r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ❢✉♥❦❝❥♦♥❛➟✉ ❣❡♥❡r✉❥→❝❡❣♦✱ ❝③②❧✐ ✇➟❛s♥♦➧➣ ✭▲❑✮✳

❲ ♣r③②♣❛❞❦✉ ♠❛❦s②♠❛❧♥✐❡ ③❞❡❣❡♥❡r♦✇♥②♠✱ ❝③②❧✐ ❞❧❛ ✇♦❧♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ U+
n ✐ O+

n ✭F =
I✮ s②t✉❛❝❥❛ ❥❡st ③✉♣❡➟♥✐❡ ✐♥♥❛ ✕ ♣♦③❛ ❣r✉♣→ O+

2 ♥✐❡ ♣♦s✐❛❞❛❥→ ♦♥❡ ➺❛❞♥❡❥ ③ ✇➟❛s♥♦➧❝✐ ✭●❈✮✱ ✭◆❈✮
❝③② ✭▲❑✮✳ ❉❧❛ ❜❛❞❛♥✐❛ ✇❡rs❥✐ ✉♥✐t❛r♥❡❥✱ U+

n ✱ ❦❧✉❝③♦✇❡ s→ ♥❛st➛♣✉❥→❝❡ r❡③✉❧t❛t②✱ ❦tór❡ ♣♦♣r③❡❞③❛♠
✇♣r♦✇❛❞③❡♥✐❡♠ ♦❞♣♦✇✐❡❞♥✐❡❥ ♥♦t❛❝❥✐✳

❉❧❛ ✉st❛❧♦♥❡❥ ♠❛❝✐❡r③♦✇❡❥ ❣r✉♣② ❦✇❛♥t♦✇❡❥ G = (C(G), u)✱ ❣❞③✐❡ u = (ujk)
n
j,k=1 ❥❡st r❡♣r❡③❡♥✲

t❛❝❥→ ❢✉♥❞❛♠❡♥t❛❧♥→ ❣r✉♣② G✱ ✐ ❞❧❛ ❞♦✇♦❧♥❡❥ ∗✲r❡♣r❡③❡♥t❛❝❥✐ ❛❧❣❡❜r② C(G)✱ ρ : C(G) → B(H)
❞❡✜♥✐✉❥❡♠② ♠❛❝✐❡r③ ♦ ✇s♣ó➟❝③②♥♥✐❦❛❝❤ ✇ C(G)

R = (ρ(ujk)
)n

j,k=1
∈Mn(C(G)).

P♦❞♦❜♥✐❡✱ ❞❧❛ ρ✲ε✲❦♦❝②❦❧✉ η : Pol(G) → H ❞❡✜♥✐✉❥❡♠② ♠❛❝✐❡r③ ♦ ✇s♣ó➟❝③②♥♥✐❦❛❝❤ ✇ H✿

V = (η(ujk))
n
j,k=1 ∈Mn(H). ✭✷✵✮

P♦❞♦❜♥✐❡ ❥❛❦ ✇ ✭✹✮✱ ❞❧❛ ♠❛❝✐❡r③② B = (bjk)
n
j,k=1 ∈ Mn(x)✱ ❣❞③✐❡ X ❥❡st ❛❧❣❡❜r→ B(H) ❧✉❜

♣r③❡str③❡♥✐→ ❍✐❧❜❡rt❛ H✱ ♠♦➺❡♠② st♦s♦✇❛➣ ♦③♥❛❝③❡♥✐❡ Bt := (bkj)
n
j,k=1✳ P♦♥❛❞t♦ ❥❡➧❧✐ X = B(H)✱

t♦ ❞❡✜♥✐✉❥❡♠② B̄ := (b∗jk)
n
j,k=1✳

✷✼



❚✇✐❡r❞③❡♥✐❡ ✸✳✷✾ ✭❬❍✻✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷✱ ❚❤❡♦r❡♠ ✸✳✸✱ ❈♦r♦❧❧❛r② ✸✳✹❪✮✳ ◆✐❡❝❤ H ❜➛❞③✐❡ ♣r③❡str③❡♥✐→

❍✐❧❜❡rt❛✱ ❛ ρ : C(U+
n ) → B(H) ∗✲r❡♣r❡③❡♥t❛❝❥→✳

✭✐✮ ▼❛❝✐❡r③ V ∈ Mn(H) ❞❡✜♥✐✉❥❡ ρ✲ε✲❦♦❝②❝❦❧ ♥❛ U+
n ③❛ ♣♦♠♦❝❛ ✇③♦r✉ η(ujk) = Vjk✱ j, k =

1, . . . , n ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞②

(R∗V )t = R̄V t. ✭✷✶✮

❲ s③❝③❡❣ó❧♥♦➧❝✐✱ ❦❛➺❞❛ ♠❛❝✐❡r③ V ∈ Mn(C) ❞❡✜♥✐✉❥❡ ❦♦❝②❦❧ ❣❛✉ss♦✇s❦✐ ✭R = I✮ ♥❛ U+
n ♦

✇❛rt♦➧❝✐❛❝❤ ✇ C ♦r❛③ ❦♦❝②❦❧ ❛♥t②✲❣❛✉ss♦✇s❦✐ ✭R = −I✮ ♥❛ U+
n ♦ ✇❛rt♦➧❝✐❛❝❤ ✇ C✳

✭✐✐✮ ρ✲ε✲❑♦❝②❦❧ η ♥❛ U+
n ♣♦s✐❛❞❛ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞②

n
∑

p=1

〈η(u∗jp), η(u∗kp)〉 =
n
∑

p=1

〈η(ukp), η(ujp)〉, j, k = 1, . . . , n. ✭✷✷✮

❲ s③❝③❡❣ó❧♥♦➧❝✐✱ ❣❛✉ss♦✇s❦✐ ❧✉❜ ❛♥t②✲❣❛✉ss♦✇s❦✐ ❦♦❝②❦❧ η ♥❛ U+
n ♦ ✇❛rt♦➧❝✐❛❝❤ ✇ C ♣♦s✐❛❞❛

❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② V V ∗ = V ∗V ✳

P♦✇②➺s③❡ ❢❛❦t② ♣♦③✇❛❧❛❥→ ✇s❦❛③❛➣ t❛❦✐❡ ♠❛❝✐❡r③❡ ③❡s♣♦❧♦♥❡ V1, V2 ∈ M2(C)✱ ❦tór❡ ❞❡✜♥✐✉❥→
❦♦❝②❝❦❧❡✱ ♦❞♣♦✇✐❡❞♥✐♦ ❣❛✉ss♦✇s❦✐ η1 ✐ ❛♥t②✲❣❛✉ss♦✇s❦✐ η2✱ ♥❛ U+

n ♥✐❡♣♦s✐❛❞❛❥→❝❡ ❢✉♥❦❝❥♦♥❛➟ó✇
❣❡♥❡r✉❥→❝②❝❤✱ ♥♣✳

V1 =

(

1 i
0 1

)

, V2 =

(

1 0
i 1

)

.

▼❛❝✐❡r③❡ t❡ st❛♥♦✇✐→ ❦♦♥tr♣r③②❦➟❛❞② ♥❛ ✇➟❛s♥♦➧❝✐ ✭●❈✮ ✐ ✭◆❈✮ ❞❧❛ U+
2 ✳ ❙✉♠❛ ♣r♦st❛ η1 ⊕ η2 ❥❡st

✇ó✇❝③❛s ♣r③②❦➟❛❞❡♠ ❦♦❝②❦❧✉✱ ❦tór② ✇♣r❛✇❞③✐❡ ♣♦s✐❛❞❛ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝②✱ ❛❧❡ ♥✐❡ ♠❛ r♦③❦➟❛❞✉
▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳ ❩❛♥✉r③❡♥✐❡ U+

2 ✇ U+
n ✭n > 2✮ ♣♦③✇❛❧❛ r♦③s③❡r③②➣ t❡♥ r❡③✉❧t❛t ♥❛ ✇♦❧♥❡

✉♥✐t❛r♥❡ ❣r✉♣② ❦✇❛♥t♦✇❡ ❞♦✇♦❧♥❡❣♦ ✇②♠✐❛r✉ ❬❍✻✱ ❚✇✐❡r❞③❡♥✐❡ ✸✳✺❪✳
❉♦✇ó❞ ❚✇✐❡r❞③❡♥✐❛ ✸✳✷✾ ♦♣✐❡r❛ s✐➛ ♥❛ r❡③✉❧t❛❝✐❡ ❙❝❤ür♠❛♥♥❛ ❞♦t②❝③→❝②♠ ✐st♥✐❡♥✐❛ ❢✉♥❦❝❥♦♥❛➟✉

❣❡♥❡r✉❥→❝❡❣♦ ❞❧❛ ❦❛➺❞❡❣♦ ❦♦❝②❦❧✉ ♥❛ ❛❧❣❡❜r② ❇r♦✇♥❛✲●❧♦❝❦♥❡r❛✲✈♦♥ ❲❛❧❞❡♥❢❡❧❞s❛ K〈n〉✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✸✵ ✭❬❙❝❤✾✵✱ ❚❤❡♦r❡♠ ✸✳✶✷✭✐✮❪✮✳ ◆✐❡❝❤ n ∈ N✱ ♥✐❡❝❤ ρ : K〈n〉 → B(H) ❜➛❞③✐❡ ∗✲
r❡♣r❡③❡♥t❛❝❥→ ❛❧❣❡❜r② ❇r♦✇♥❛✲●❧♦❝❦♥❡r❛✲✈♦♥ ❲❛❧❞❡♥❢❡❧s❛ ♥❛ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ H ✐ ♥✐❡❝❤ η ❜➛❞③✐❡

ρ✲ε✲❦♦❝②❦❧❡♠ ♥❛ K〈n〉✳ ❲ó✇❝③❛s ✇③ór

ψ(xjk) = −1

2

n
∑

p=1

〈η(x∗jp), η(x∗kp)〉, j, k = 1, . . . , n ✭✷✸✮

♠♦➺♥❛ r♦③s③❡r③②➣ ❞♦ ❢✉♥❦❝❥♦♥❛➟✉ ❣❡♥❡r✉❥→❝❡❣♦ ψ : K〈n〉 → C✱ ❦tór② s♣❡➟♥✐❛ ✇❛r✉♥❡❦ ✭✶✶✮✳

❲ ❞♦✇♦❞③✐❡ ❚✇✐❡r❞③❡♥✐❛ ✸✳✷✾ ♣♦❦❛③✉❥❡♠②✱ ❦♦r③②st❛❥→❝ ③ ▲❡♠❛t✉ ✸✳✷✼ ✭✇②♥✐❦ ③ ♣r❛❝② ❬❍✺❪✮✱ ➺❡
❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ ③❞❡✜♥✐♦✇❛♥② ♥❛ K〈n〉 ♠♦➺♥❛ ✬③r③✉t♦✇❛➣✬ ♥❛ U+

n ✳
❆♥❛❧♦❣✐❝③♥❡ r❡③✉❧t❛t② ❞❧❛ ❣r✉♣② ♦rt♦❣♦♥❛❧♥❡❥ s→ ♥❛st➛♣✉❥→❝❡✳

❚✇✐❡r❞③❡♥✐❡ ✸✳✸✶ ✭❬❍✻✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼✱ ❚❤❡♦r❡♠ ✸✳✽✱ ❈♦rr♦❧❛r② ✸✳✾❪✮✳ ◆✐❡❝❤ H ❜➛❞③✐❡ ♣r③❡str③❡♥✐→

❍✐❧❜❡rt❛✱ ❛ ρ : Pol(O+
n ) → B(H) ∗✲r❡♣r❡③❡♥t❛❝❥→✳

✷✽



✭✐✮ ▼❛❝✐❡r③ V ∈ Mn(H) ❞❡✜♥✐✉❥❡ ρ✲ε✲❦♦❝②❝❦❧ ♥❛ U+
n ③❛ ♣♦♠♦❝❛ ✇③♦r✉ η(ujk) = Vjk✱ j, k =

1, . . . , n✱ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞②

−V = (R∗V )t = R̄V t. ✭✷✹✮

❲ s③❝③❡❣ó❧♥♦➧❝✐✱ ❦❛➺❞❛ ♠❛❝✐❡r③ ❛♥t②s②♠❡tr②❝③♥❛ V ∈ Mn(C)✱ V = −V t✱ ❞❡✜♥✐✉❥❡ ❦♦❝②❦❧

❣❛✉ss♦✇s❦✐ ♥❛ O+
n ♦ ✇❛rt♦➧❝✐❛❝❤ ✇ C✱ ❛ ❦❛➺❞❛ ♠❛❝✐❡r③ s②♠❡tr②❝③♥❛ ❞❡✜♥✐✉❥❡ ❦♦❝②❦❧ ❛♥t②✲

❣❛✉ss♦✇s❦✐ ♥❛ O+
n ♦ ✇❛rt♦➧❝✐❛❝❤ ✇ C✳

✭✐✐✮ ρ✲ε✲❑♦❝②❦❧ η ♥❛ O+
n ♣♦s✐❛❞❛ ❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞②

n
∑

p=1

〈η(ujp), η(ukp)〉 ∈ R, j, k = 1, . . . , n. ✭✷✺✮

❲ s③❝③❡❣ó❧♥♦➧❝✐✱ ❣❛✉ss♦✇s❦✐ ❧✉❜ ❛♥t②✲❣❛✉ss♦✇s❦✐ ❦♦❝②❦❧ η ♥❛ O+
n ♦ ✇❛rt♦➧❝✐❛❝❤ ✇ C ♣♦s✐❛❞❛

❢✉♥❦❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② V V ∗ ∈Mn(R)✳

P♦③✇②➺s③❡ t✇✐❡r❞③❡♥✐❡ ♣♦③✇❛❧❛✱ ♣♦❞♦❜♥✐❡ ❥❛❦ ✇ ♣r③②♣❛❞❦✉ ✉♥✐t❛r♥②♠✱ ✇②✇♥✐♦s❦♦✇❛➣✱ ➺❡ ❞❧❛
n ≥ 3✱ ✇♦❧♥❡ ♦rt♦❣♦♥❛❧♥❡ ❣r✉♣② ❦✇❛♥t♦✇❡ O+

n ♥✐❡ ♣♦s✐❛❞❛❥→ ✇➟❛s♥♦➧❝✐ ✭●❈✮✱ ✭◆❈✮ ❛♥✐ ✭▲❑✮ ❬❍✻✱
❚✇✐❡r❞③❡♥✐❡ ✸✳✶✵❪✳ ❲❛rt♦ ✇s♣♦♠♥✐❡➣✱ ➺❡ O+

2 ♣♦s✐❛❞❛ ✭●❈✮ ✐ ✭▲❑✮✱ ❛❧❡ ♥✐❡ ♣♦s✐❛❞❛ ✭◆❈✮✱ ❬❙❦❡✾✹❪✳
◆❛s③❡ ✇②♥✐❦✐ ♣♦❦❛③✉❥→ t❡➺✱ ➺❡ ✇✐❡❧❡ ✭✬✇✐➛❦s③♦➧➣✬✮ ✉♥✐✇❡rs❛❧♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ U+

F ✐ O+
F t❛❦➺❡

♥✐❡ ♣♦s✐❛❞❛ ✇➟❛s♥♦➧❝✐ ✭▲❑✮✱ ❝③②❧✐ r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ✭✇②st❛r❝③②✱ ❛❜② ♠❛❝✐❡r③ FF ∗ ♠✐❛➟❛
♣♦❞✇ó❥♥→✱ ✇ ♣r③②♣❛❞❦✉ ✉♥✐t❛r♥②♠✱ ❧✉❜ ♣♦tró❥♥→✱ ✇ ♣r③②♣❛❞❦✉ ♦rt♦❣♦♥❛❧♥②♠✱ ✇❛rt♦➧➣ ✇➟❛s♥→✮✳
◆❛❧❡➺② ❜②➣ ❥❡❞♥❛❦ ♦str♦➺♥②♠ ✇ ♣ró❜❛❝❤ ♣r③❡♥♦s③❡♥✐❛ t❡❥ ✐♥t✉✐❝❥✐ ♥❛ ❝❛➟→ r♦❞③✐♥➛ ③✇❛rt②❝❤ ❣r✉♣
❦✇❛♥t♦✇②❝❤✳ ◆❛s③❡ ✇②♥✐❦✐ ③ ♣r❛❝② ❬❍✻❪ ♣♦❦❛③✉❥→✱ ➺❡ ✇➟❛s♥♦➧❝✐ ✭●❈✮ ♦r❛③ ✭▲❑✮ ♥✐❡ s→ ❞③✐❡❞③✐❝③♦♥❡
✭③ ❣r✉♣② ❦✇❛♥t♦✇❡❥ ♥❛ ♣♦❞❣r✉♣➛✮✱ ❛♥✐ ♣r③❡❦❛③②✇❛♥❡ ✏✇ ❣ór➛✑ ✭③ ♣♦❞❣r✉♣② ♥❛ ❣r✉♣➛ ❦✇❛♥t♦✇→✮✳
❋❛❦t②❝③♥✐❡✱ ❥❡➧❧✐ s♣♦❥r③②♠② ♥❛ ❝✐→❣ ♣♦❞❣r✉♣ ❦✇❛♥t♦✇②❝❤ SUq(2) ⊂ SUq(3) ⊂ U+

F ✭③ ♠❛❝✐❡r③→
F = (qj−3δjk)

3
j,k=1✮✱ ③❛✉✇❛➺②♠②✱ ➺❡ SUq(2) ♠❛ ✇➟❛s♥♦➧➣ ✭●❈✮ ❬❙❙✾✽✱ ❈♦r♦❧❧❛r② ✸✳✸❪✱ SUq(3) ♥✐❡

♠❛ ✭●❈✮ ❬❍✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸❪✱ ❛ U+
3 (F ) ♣♦♥♦✇♥✐❡ ♣♦s✐❛❞❛ ✭●❈✮ ❬❍✻✱ ❚❤❡♦r❡♠ ✸✳✺❪✳ ❩ ❞r✉❣✐❡❥

str♦♥②✱ ❝✐→❣ O+
2 ⊂ O+

3 ⊂ K〈3〉 ♦❜r❛③✉❥❡ s②t✉❛❝❥➛ ✇ ❦tór❡❥ ➧r♦❞❦♦✇❛ ❣r✉♣❛✱ t❥✳ O+
3 ♥✐❡ ♠❛ ✇➟❛s♥♦➧❝✐

✭▲❑✮ ❬❍✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸❪✱ ♣♦❞❝③❛s ❣❞② ❥❡❥ ♣♦❞❣r✉♣❛ O+
2 ♦r❛③ ♦❜✐❡❦t ③❛✇✐❡r❛❥→❝② ❥→ ✭➧❝✐➧❧❡ ♠ó✇✐→❝✱

♣ó➟❣r✉♣❛ ❦✇❛♥t♦✇❛✮ K〈3〉 ♣♦s✐❛❞❛❥→ r♦③❦➟❛❞ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛✳

✸✳✻ ❩✇✐→③❦✐ ♠✐➛❞③② r♦③❦➟❛❞❡♠ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ❛ ❦♦❤♦♠♦❧♦❣✐→ ❍♦❝❤s❝❤✐❧❞❛

Pr♦❜❧❡♠ ✐st♥✐❡♥✐❛ r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ❞❧❛ ∗✲❜✐❛❧❣❡❜r② A ❥❡st ❜❧✐s❦♦ ③✇✐→③❛♥② ③ ❧✐❝③❡♥✐❡♠
❞r✉❣✐❡❥ ❣r✉♣② ❦♦❤♦♠♦❧♦❣✐✐ ❍♦❝❤s❝❤✐❧❞❛ ❛❧❣❡❜r② A ③ tr②✇✐❛❧♥②♠✐ ✇s♣ó➟❝③②♥♥✐❦❛♠✐ ✕ ③♦st❛➟♦ t♦ ③❛♦❜✲
s❡r✇♦✇❛♥❡ ❥✉➺ ✇ ♣r❛❝② ❙❝❤ür♠❛♥♥❛ ❬❙❝❤✾✵❪✱ ❛ ♦st❛t♥✐♦ ♣r③②♣♦♠♥✐❛♥❡ ✇ ❬❋●❚✶✺❪✳ ❲ ❬❍✻✱ ❙❡❝t✐♦♥
✹❪ ♦♠❛✇✐❛♠② ③❛st♦s♦✇❛♥✐❛ ✇②♥✐❦ó✇ ✉③②s❦❛♥②❝❤ ♣r③② ❜❛❞❛♥✐✉ r♦③❦➟❛❞✉ ▲é✈②✬❡❣♦✲❈❤✐♥❝③②♥❛ ❞♦ t❡❣♦
✇➟❛➧♥✐❡ ❝❡❧✉✳

❉❧❛ ❞❛♥❡❥ ∗✲❛❧❣❡❜r② ③ ❥❡❞②♥❦→ A ✐ ❞❛♥❡❣♦ ∗✲❝❤❛r❛❦t❡r✉ ε ♥❛ A✱ ❞♦✇♦❧♥❛ ∗✲r❡♣r❡③❡♥t❛❝❥❛ ρ : A→
B(H) ♥❛ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ H ♣♦③✇❛❧❛ r♦③♣❛tr②✇❛➣ H ❥❛❦♦ A✲❜✐♠♦❞✉➟ ③ ❞③✐❛➟❛♥✐❛♠✐ a.z.b =
ρ(a)ε(b)z ❞❧❛ a, b ∈ A ✐ v ∈ H✳ ❲ s③❝③❡❣ó❧♥②♠ ♣r③②♣❛❞❦✉✱ ♠♦➺❡♠② ✇②❜r❛➣ t❛❦➺❡ ❧❡✇❡ ❞③✐❛➟❛♥✐❛
✬tr②✇✐❛❧♥❡✬✿ ρ = ε✳

✷✾



❉❧❛ ❦❛➺❞❡❣♦ n ∈ N ❞❡✜♥✐✉❥❡♠✉ ♦♣❡r❛t♦r ❦♦❜r③❡❣♦✇② ∂n−1 : L(A⊗(n−1);H) → L(A⊗n;H) ✭♣r③②
♦③♥❛❝③❡♥♥✐✉ A⊗0 := C✮ ✇③♦r❡♠

(∂n−1φ)(a1 ⊗ . . .⊗ an) = ρ(a1)φ(a2 ⊗ . . .⊗ an) +

n−1
∑

j=1

(−1)jφ(a1 ⊗ . . .⊗ (ajaj+1)⊗ . . .⊗ an)

+ (−1)nφ(a1 ⊗ . . .⊗ an−1)ε(an)

❞❧❛ φ ∈ L(A⊗(n−1);H)✱ a1, . . . , an ∈ A✳ ❲ó✇❝③❛s ♠❛♠② ∂n ◦ ∂n−1 = 0✳ ❉❛❧❡❥ ❞❡✜♥✉❥❡♠②

• ♣r③❡str③❡➠ ✇❡❦t♦r♦✇→ n✲❦♦❝②❦❧✐

Zn(A, ρHε) = {φ ∈ L(A⊗n;H) : ∂nφ = 0},

• ♣r③❡str③❡➠ ✇❡❦t♦r♦✇→ n✲❦♦❜r③❡❣ó✇

Bn(A, ρHε) = {∂n−1ψ : ψ ∈ L(A⊗(n−1), H)},

• nt→ ❣r✉♣➛ ❦♦❤♦♠♦❧♦❣✐✐ ❍♦❝❤s❝❤✐❧❞❛

Hn(A, ρHε) = Zn(A, ρHε)/B
n(A, ρHε).

❏❛❦♦ s♣❡❝❥❛❧♥② ♣r③②♣❛❞❡❦ ✭❞❧❛ ❞③✐❛➟❛➠ tr②✇✐❛❧♥②❝❤✮ ❞♦st❛❥❡♠② nt→ ❣r✉♣➛ ❦♦❤♦♠♦❧♦❣✐✐ ❍♦❝❤s❝❤✐❧❞❛

③ tr②✇✐❛❧♥②♠✐ ✇s♣ó➟❝③②♥♥✐❦❛♠✐

Hn(A, εCε) = Zn(A, εCε)/B
n(A, εCε).

❾❛t✇♦ ③♦❜❛❝③②➣ ✭r♦③♣✐s✉❥→❝ ❞❡✜♥✐❝❥❡✮✱ ➺❡✿

• ❦❛➺❞② π✲ε✲❦♦❝②❦❧ η ③ tró❥❦✐ ❙❝❤ür♠❛♥♥❛ ❥❡st ❡❧❡♠❡♥t❡♠ Z1(A, πHε)✱ ❝③②❧✐ ✶✲❦♦❝②❦❧❡♠❀

• ❞❧❛ η ∈ Z1(A, πHε)✱ cη(a ⊗ b) = 〈η(a∗), η(b)〉 ♥❛❧❡➺② ❞♦ Z2(A, εCε)✱ ❝③②❧✐ ❥❡st ✷✲❦♦❝②❦❧❡♠✱
♣❛tr③ ❬❋●❚✶✺✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪ ❧✉❜ ❬❍✻✱ ▲❡♠♠❛ ✹✳✷❪❀

• η ∈ Z1(A, πHε) ♣♦s✐❛❞❛ ❢✉♥❝❥♦♥❛➟ ❣❡♥❡r✉❥→❝② ψ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② cη ∈ B2(A, εCε) ❥❡st
✷✲❦♦❜r③❡❣✐❡♠✳

❲ s③❝③❡❣ó❧♥♦➧❝✐✱ ❣❞② A ❥❡st ∗✲❜✐❛❧❣❡❜r→✱ ♦tr③②♠✉❥❡♠② ró✇♥♦➧➣

H1(A, εCε) = Z1(A, εCε) = {❦♦❝②❦❧❡ ❣❛✉ss♦✇s❦✐❡ η : A→ C},

✐ ③ ❝③➛➧❝✐ ✭✐✮ ❚✇✐❡r❞③❡➠ ✸✳✷✾ ♦r❛③ ✸✳✸✶ ♦❞ r❛③✉ ✇②♥✐❦❛✱ ➺❡

H1(U+
d ) ∼=Md(C), ♦r❛③ H1(O+

d )
∼= {V ∈Md(C) : V

t = −V } ∼= C
d(d−1)

2 .

❩ ❞r✉❣✐❡❥ str♦♥②✱ ❝③➛➧❝✐ ✭✐✐✮ ❚✇✐❡r❞③❡➠ ✸✳✷✾ ✐ ✸✳✸✶✱ ❦tór❡ ❝❤❛r❛❦t❡r②③✉❥→ ❦♦❝②❦❧❡ ♥❛ U+
d ✐ O+

d ♣♦s✐✲
❛❞❛❥→❝❡ ❢✉♥❦❝❥♦♥❛➟② ❣❡♥❡r✉❥→❝❡✱ ♠♦❣→ ❜②➣ ✉➺②t❡ ❞♦ ♦♣✐s❛♥✐❛ ♣r③❡str③❡♥✐ B2(A, εCε)✳ P♦✇②➺s③❛
♦❜s❡r✇❛❝❥❛ ♣♦③✇♦❧✐➟❛ ✉③②s❦❛➣ ❣➟ó✇♥❡ r❡③✉❧t❛t② ③ ♣r❛❝② ❬❍✻❪✱ ❞♦t②❝③→❝❡ ❦♦❤♦♠♦❧♦❣✐❝③♥②❝❤ ✇➟❛s♥♦➧❝✐
❣r✉♣ U+

d ✐ O+
d ✳

✸✵



❚✇✐❡r❞③❡♥✐❡ ✸✳✸✷ ✭❬❍✻✱ ❚❤❡♦r❡♠ ✹✳✻❪✮✳

H2(U+
d , εCε)

∼= sl(d,C),

❣❞③✐❡ sl(d,C) ♦③♥❛❝③❛ ♣r③❡str③❡➠ ③❡s♣♦❧♦♥②❝❤ ♠❛❝✐❡r③② d×d ♦ ➧❧❛❞③✐❡ ③❡r♦✳ ❩❛t❡♠ dim H2(U+
d , εCε) =

d2 − 1.

❩❛s❛❞♥✐❝③②♠ ❡❧❡♠❡♥t❡♠ ❞♦✇♦❞✉ ♣♦✇②➺s③❡❣♦ t✇✐❡r❞③❡♥✐❛ ❜②➟ ♣♦♠②s➟ ❧✐♥✐♦✇❡❣♦ ♣r③②♣♦r③→❞❦♦✇❛✲
♥✐❛

∆ : Z2(U+
d ) →Md(C), ∆(c) =





d
∑

p=1

(

c(u∗pj ⊗ upk)− c(u∗kp ⊗ ujp)
)





d

j,k=1

,

♠♦t②✇❛❝❥→ ❦tór❡❣♦ ❜②➟ ✇❛r✉♥❡❦ ✭✐✐✮ ❚✇✐❡r❞③❡♥✐❛ ✸✳✷✾✳ P✐❡r✇s③❛ ❝③➛➧➣ ❞♦✇♦❞✉ ❚✇✐❡r❞③❡♥✐❛ ✸✳✸✷
♣♦❧❡❣❛➟❛ ♥❛ ✇②❦❛③❛♥✐✉✱ ➺❡ ❥→❞r♦ ♦❞✇③♦r♦✇❛♥✐❛ ∆ ♣♦❦r②✇❛ s✐➛ ③ ♣r③❡str③❡♥✐→ ✷✲❦♦❜r③❡❣ó✇✿ ker∆ =
B2(U+

d , εCε)✱ ❬❍✻✱ ▲❡♠♠❛ ✹✳✹❪✳ ❲②♥✐❦ t❡♥ ♦③♥❛❝③❛✱ ➺❡ ∆ ♠✐❡r③② ✇ ♣❡✇♥②♠ s❡♥s✐❡✱ ❥❛❦ ❞❛❧❡❦✐ ❥❡st
❞❛♥② ✷✲❦♦❝②❦❧ ♦❞ ③❜✐♦r✉ ✷✲❦♦❜r③❡❣ó✇❀ ❞❧❛t❡❣♦ ♠♦➺♥❛ ♦ ∆ ♠②➧❧❡➣ ❥❛❦♦ ♦ ❢✉♥❦❝❥✐ ♥✐❡❞♦s❦♦♥❛➟♦➧❝✐

✭❛♥❣✳ ❞❡❢❡❝t ♠❛♣✮✳
❏❡❞♥♦❝③❡➧♥✐❡ ➟❛t✇♦ ❜②➟♦ ③❛✉✇❛➺②➣✱ ➺❡ Tr∆(c) = 0✱ ❝③②❧✐

∆(Z2(U+
d )) ⊂ sl(d,C). ✭✷✻✮

❉r✉❣✐♠ ✇❛➺♥②♠ s❦➟❛❞♥✐❦✐❡♠ ❞♦✇♦❞✉ ❚✇✐❡r❞③❡♥✐❛ ✸✳✸✷ ❜②➟❛ ❦♦♥str✉❦❝❥❛ ❜❛③② ♦❜r❛③✉ ∆(Z2(U+
d ))✱

♣♦❦❛③✉❥→❝❛✱ ➺❡ ③❛✇✐❡r❛♥✐❡ ✭✷✻✮ ❥❡st t❛❦ ♥❛♣r❛✇❞➛ ró✇♥♦➧❝✐→✳ ❙t→❞ ♠♦➺♥❛ ❥✉➺ ❜②➟♦ ✇②✇♥✐♦s❦♦✇❛➣✱
➺❡ ∆ ✐♥❞✉❦✉❥❡ ❧✐♥✐♦✇② ✐③♦♠♦r✜③♠ ♠✐➛❞③② H2(U+

d ) = Z2(U+
d )/B2(U+

d ) ❛ ♦❜r❛③❡♠ sl(d,C)✳

P♦❞♦❜♥❡ ♣♦❞❡❥➧❝✐❡ ♣♦③✇♦❧✐➟♦ ✇②❦❛③❛➣✱ ➺❡ dim H2(O+
d , εCε) =

d(d−1)
2 ✭❬❍✻✱ ❚❤❡♦r❡♠ ✹✳✾❪✮✱ ❢❛❦t

③♥❛♥② ✇❝③❡➧♥✐❡❥ ③ ❬❈❍❚✵✾❪ ✐ ✭✇ ✇✐➛❦s③❡❥ ♦❣ó❧♥♦➧❝✐✮ ③ ❬❇✐❝✶✸❪✳ ❚✉t❛❥ t❛❦➺❡ ♥❛s③❛ ♠❡t♦❞❛ ✇s❦❛③✉❥❡
❡①♣❧✐❝✐t❡ ❜❛③➛ ♣r③❡str③❡♥✐ H2(O+

d , εCε)✳
❲②❞❛❥❡ s✐➛✱ ➺❡ ③♥❛❧❡③✐♦♥❛ ♣r③❡③ ♥❛s ♠❡t♦❞❛ ♠♦➺❡ ❜②➣ ③❛st♦s♦✇❛♥❛ t❛❦➺❡ ❞♦ ❧✐❝③❡♥✐❛ ❞r✉❣✐❡❥ ❣r✉♣②

❦♦❤♦♠♦❧♦❣✐✐ ❍♦❝❤s❝❤✐❧❞❛ ③ tr②✇✐❛❧♥②♠✐ ✇s♣ó➟❝③②♥♥✐❦❛♠✐ ✐♥♥②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤✱ ♥❛ ♣r③②❦➟❛❞ U+
F

③ ❞♦✇♦❧♥→ ♠❛❝✐❡r③→ ❞❡❢♦r♠❛❝❥✐ F ❝③② ➟❛t✇②❝❤ ❣r✉♣ ❦✇❛♥t♦✇②❝❤ S
′+
n ✱ B+

n ✱ B
′+
n ✐ B#+

n ✳

✹ ❖♠ó✇✐❡♥✐❡ ♣♦③♦st❛➟②❝❤ ♦s✐→❣♥✐➛➣ ♥❛✉❦♦✇♦✲❜❛❞❛✇❝③②❝❤

❖❞ ♦❜r♦♥② ♣r❛❝② ❞♦❦t♦rs❦✐❡❥✱ t❥✳ ♦❞ ♣♦➟♦✇② ✷✵✵✽ r♦❦✉✱ ♦♣✉❜❧✐❦♦✇❛➟❛♠ ✻ ❛rt②❦✉➟ó✇ ♥❛✉❦♦✇②❝❤
♥✐❡✇❝❤♦❞③→❝②❝❤ ✇ s❦➟❛❞ ❤❛❜✐❧✐t❛❝❥✐✳ ❉♦t②❝③→ ♦♥❡ ❜❛❞❛➠ ③ t❡♠❛t②❦✐ t❡♦r✐✐ ♦♣❡r❛t♦ró✇✱ ❛♥❛❧✐③②
❤❛r♠♦♥✐❝③❡❥ ✐ ♥✐❡♣r③❡♠✐❡♥♥❡❥ ♣r♦❜❛❜✐❧✐st②❦✐✳ ▼♦➺♥❛ ✇➧ró❞ ♥✐❝❤ ✇②❞③✐❡❧✐➣ tr③② ③❛s❛❞♥✐❝③❡
❦✐❡r✉♥❦✐✿ ♣✐❡r✇s③② ③ ♥✐❝❤ st❛♥♦✇✐➟ ❦♦♥t②♥✉❛❝❥➛ ❜❛❞❛➠ ③ ♣r❛❝② ❞♦❦t♦rs❦✐❡❥ ♥❛❞ ❞❡❢♦r♠❛❝❥❛♠✐ ♣r♦❜✲
❧❡♠✉ ♠♦♠❡♥tó✇ ♦r❛③ ♥✐❡♣r③❡♠✐❡♥♥②♠✐ s♣❧♦t❛♠✐ ✭t❛ ❝③➛➧➣ ♦❜❡❥♠✉❥❡ ♣r❛❝❡ ❬❏❑✶✷✱ ❑✉❧✶✵❛✱ ❑✉❧✶✷❪
✐ ❥❡st ❞♦❦➟❛❞♥✐❡❥ ♦♣✐s❛♥❛ ✇ ❘♦③❞③✐❛❧❡ ✹✳✶✮✱ ❞r✉❣✐ ❦✐❡r✉♥❡❦ ❞♦t②❝③② ♥✐❡♣r③❡♠✐❡♥♥②❝❤ ♥✐❡③❛❧❡➺♥♦➧❝✐
✭r✉❝❤② ❇r♦✇♥❛ ❞❧❛ ❜♠✲♥✐❡③❛❧❡➺♥♦➧❝✐✱ ❜❢✲♥✐❡③❛❧❡➺♥♦➧➣❀ ♣r❛❝❡ ❬❑❲✶✵✱ ❑❲✶✸❪✱ ❘♦③❞③✐❛➟ ✹✳✷✮✱ tr③❡❝✐
✕ ♦❜❡❥♠✉❥❡ t❡♦r✐➛ ♣❡rt✉r❜❛❝❥✐ ✐ ♦♣❡r❛t♦r♦✇②❝❤ ♠♦❞❡❧✐ ❞❧❛ tr❛♥s❢♦r♠❛❝❥✐ ♠✐❛r ✭♣r❛❝❛ ❬❑❲❲✶✼❪✱
❘♦③❞③✐❛➟ ✹✳✸✮✳

✸✶



✹✳✶ ❲➟❛s♥♦➧❝✐ q✲s♣❧♦t✉ ✐ (p, q)✲s♣❧♦t

❲ ♣r❛❝② ❞♦❦t♦rs❦✐❡❥ ③❞❡✜♥✐♦✇❛➟❛♠ (p, q)✲s♣❧♦t ❞✇ó❝❤ ❝✐→❣ó✇ ❧✐❝③❜♦✇②❝❤✿ ❞❧❛ p, q > 0 ✐ ❞✇ó❝❤
❝✐→❣ó✇ r③❡❝③②✇✐st②❝❤ (µn)n, (νn)n ♣r③②❥♠✉❥❡♠②

(µ ⋆p,q ν)n :=
n
∑

k=0

(

q

p

)k(n−k) [
n
k

]2

p

µkνn−k, n ∈ N,

❣❞③✐❡

[n]q =
1− qn

1− q
, [n]q! =

n
∏

k=1

[k]q,

[

n
k

]

q

=
[n]q!

[k]q![n− k]q!
.

❲②❦❛③❛➟❛♠ ✇ó✇❝③❛s✱ ➺❡ ❞❧❛ ❞♦✇♦❧♥②❝❤ p, q > 0 s♣❧♦t ⋆p,q ③❛❝❤♦✇✉❥❡ ♠✐❛r② ♦ ♥♦➧♥✐❦❛❝❤ ✇ R+✳
P♦ró✇♥❛➟❛♠ t❛❦➺❡ (p, q)✲s♣❧♦t ③ q✲s♣❧♦t❡♠ ③❞❡✜♥✐♦✇❛♥②♠ ♣r③❡③ ●✳ ❈❛r♥♦✈❛❧❡ ✐ ❚✳ ❑♦♦r♥✇✐♥❞❡r❛ ✇
❬❈❑✵✵❪✿

(µ ⋆q ν)n =

n
∑

k=0

[

n
k

]

q

q−k(n−k)µkνn−k, n ∈ N.

❖❦❛③❛➟♦ s✐➛✱ ➺❡ ♦❜✐❡ ♦♣❡r❛❝❥❡ s→ ➟→❝③♥❡ ✐ ♣r③❡♠✐❡♥♥❡✱ ❛❧❡ q✲s♣❧♦t ③❛❝❤♦✇✉❥❡ ♠✐❛r② ♥❛ R+ t②❧❦♦ ❞❧❛
0 < q < 1✳ ❲ ❞♦❦t♦r❛❝✐❡ ♦♣✐s❛➟❛♠ t❛❦➺❡ tr❛♥s❢♦r♠❛t➛ ❋♦✉r✐❡r❛ ❞❧❛ (p, q)✲s♣❧♦t✉ ♦r❛③ ✉❞♦✇♦❞♥✐➟❛♠
③✇✐→③❛♥❡ ③ t→ ♦♣❡r❛❝❥→ ❝❡♥tr❛❧♥❡ t✇✐❡r❞③❡♥✐❡ ❣r❛♥✐❝③♥❡✳

❇❛❞❛♥✐❛ ♥❛❞ ✇s♣♦♠♥✐❛♥②♠✐ ✇②➺❡❥ s♣❧♦t❛♠✐ ♦r❛③ ③❛❧❡➺♥♦➧❝✐❛♠✐ ♠✐➛❞③② ♥✐♠✐ ❦♦♥t②♥✉♦✇❛➟❛♠
t❛❦➺❡ ♣♦ ③➟♦➺❡♥✐✉ ♣r❛❝② ❞♦❦t♦rs❦✐❡❥✳ ❲ ♣r❛❝② ❬❑✉❧✶✵❜❪ ③❛✇❛r➟❛♠ ♣♦ró✇♥❛♥✐❡ ró➺♥❡❣♦ t②♣✉ s♣❧♦tó✇
❞❡✜♥✐♦✇❛♥②❝❤ ❞❧❛ ③❞❡❢♦r♠♦✇❛♥②❝❤ r❡❧❛❝❥✐ ❦♦♠✉t❛❝❥✐✱ ✇ s③❝③❡❣ó❧♥♦➧❝✐ ✇②❦❛③❛➟❛♠✱ ➺❡ ③❛❝❤♦❞③✐ ③✇✐→③❡❦
♠✐➛❞③② q✲s♣❧♦t❡♠ ⋆q ✭❬❈❑✵✵❪✮ ❛ (q, q)✲s♣❧♦t❡♠ ⋆q,q✿ ❞❧❛ ❞♦✇♦❧♥②❝❤ ❞✇ó❝❤ ❝✐→❣ó✇ µ = (µn)n ✐
ν = (νn)n ③❛❝❤♦❞③✐ ró✇♥♦➧➣ ❝✐→❣ó✇

(N ◦ µ) ⋆q,q (N ◦ ν) = N ◦ (µ ⋆q ν), ✭✷✼✮

❣❞③✐❡ N ♦③♥❛❝③❛ ❝✐→❣ ([n]q!)n✱ ❛ ◦ ♦③♥❛❝③❛ ✭❦❧❛s②❝③♥②✮ s♣❧♦t ♠✉❧t✐♣❧✐❦❛t②✇♥② ✭❝③②❧✐ ♠♥♦➺❡♥✐❡ ❝✐→❣ó✇
♣♦ ✇s♣ó➟r③➛❞♥②❝❤✮✳

❩✇✐→③❡❦ t❡♥✱ ❜➛❞→❝ ✉♦❣ó❧♥✐❡♥✐❡♠ ❦❧❛s②❝③♥❡❣♦ ♣♦❥➛❝✐❛ s➟❛❜❡❥ st❛❜✐❧♥♦➧❝✐ ♠✐❛r✱ st❛➟ s✐➛ ♠♦t♦r❡♠
✇s♣ó➟♣r❛❝② ③ ❇❛r❜❛r→ ❏❛s✐✉❧✐s✲●♦➟❞②♥✱ ❦tór❡❥ ❡❢❡❦t❡♠ ❜②➟❛ ♣r❛❝❛ ❬❏❑✶✷❪✳ ❖❦❛③❛➟♦ s✐➛ ❜♦✇✐❡♠✱ ➺❡
③❛ró✇♥♦ q✲s♣❧♦t✱ ❥❛❦ ✐ (p, q)✲s♣❧♦t s♣❡➟♥✐❛❥→ ✇❛r✉♥❦✐ ❯r❜❛♥✐❦❛ ♥❛ s♣❧♦t ✉♦❣ó❧♥✐♦♥②✱ ③✐♥t❡r♣r❡t♦✇❛♥❡
♦❞♣♦✇✐❡❞♥✐♦ ✇ ❥➛③②❦✉ ❝✐→❣ó✇ ♠♦♠❡♥tó✇✱ ❛ r❡❧❛❝❥❛ ✭✷✼✮ s✉❣❡r♦✇❛➟❛ ❜❛❞❛♥✐❡ s➟❛❜②❝❤ s♣❧♦tó✇ ✉♦❣ó❧✲
♥✐♦♥②❝❤✳ P♦❥➛❝✐❡ s♣❧♦t✉ ✉♦❣ó❧♥✐♦♥❡❣♦ ✭③❞❡✜♥✐♦✇❛♥❡ ✇ ♣r❛❝② ❑✳ ❯r❜❛♥✐❦❛ ❬❯r❜✻✹❪✮ ❥❡st ❞♦❜r③❡
③♥❛♥❡ ✇ ❦❧❛s②❝③♥❡❥ ♣r♦❜❛❜✐❧✐st②❝❡✱ ❛❧❡ ♥✐❡ ♠✐❛➟♦ ❞♦t→❞ ♣r③②❦➟❛❞ó✇ ✇➧ró❞ s♣❧♦tó✇ ✇ ♣r♦❜❛❜✐❧✐st②❝❡
♥✐❡♣r③❡♠✐❡♥♥❡❥ ✭➟❛t✇♦ s♣r❛✇❞③✐➣✱ ➺❡ s♣❧♦t② ✇♦❧♥②✱ ❜♦♦❧❡✬♦✇s❦✐ ❝③② ♠♦♥♦t♦♥✐❝③♥② ♥✐❡ s♣❡➟♥✐❛❥→
✇❛r✉♥❦✉ ❧✐♥✐♦✇♦➧❝✐ ✇③❣❧✳ ❦♦♠❜✐♥❛❝❥✐ ✇②♣✉❦➟②❝❤✮✳ ❲ ♣r③②♣❛❞❦✉ s♣r❛✇❞③❛♥✐❛ ✇❛r✉♥❦ó✇ ❯r❜❛♥✐❦❛
❞❧❛ q✲s♣❧♦t✉ ❣➟ó✇♥❛ tr✉❞♥♦➧➣ ♣♦❧❡❣❛➟❛ ♥❛ ✇②❦❛③❛♥✐✉ t✇✐❡r❞③❡♥✐❛ ❣r❛♥✐❝③♥❡❣♦ t②♣✉ ♣r❛✇❛ ✇✐❡❧❦✐❝❤
❧✐❝③❜✳ ❉♦✇ó❞ t❡❣♦ ❢❛❦t✉ st❛♥♦✇✐ ❣➟ó✇♥② ✇②♥✐❦ ♣r❛❝② ❬❑✉❧✶✷❪ ✐ ❜❛③✉❥❡ ✐st♦t♥✐❡ ♥❛ ♥✐❡♣r③❡♠✐❡♥♥②♠
♣♦❝❤♦❞③❡♥✐✉ q✲s♣❧♦t✉ ✭r❡❧❛❝❥❡ q✲❦♦♠✉t❛❝❥✐✮✱ ✇②❦♦r③②st✉❥❡ t❡➺ st❛♥❞❛r❞♦✇❡ t❡❝❤♥✐❦✐ ♥✐❡♣r③❡♠✐❡♥♥❡❥
♣r♦❜❛❜✐❧✐st②❦✐✳

❲ ♣r❛❝② ❬❏❑✶✷❪ ♣♦❦❛③❛➟②➧♠②✱ ➺❡ q✲s♣❧♦t ❥❡st s➟❛❜②♠ s♣❧♦t❡♠ ✉♦❣ó❧♥✐♦♥②♠ ✇③❣❧➛❞❡♠ (1, q)✲
s♣❧♦t✉✱ ♦❜❛ ♥❛t♦♠✐❛st s→ s♣❧♦t❛♠✐ ❣❡♥❡r✉❥→❝②♠✐ s♣❧♦t ❦❧❛s②❝③♥②✳ ❈♦ ✇✐➛❝❡❥✱ ♦❦❛③❛➟♦ s✐➛✱ ➺❡ t❡❣♦

✸✷



t②♣✉ ③❛❧❡➺♥♦➧❝✐ ❜②➟② ❥✉➺ st✉❞✐♦✇❛♥❡ ♣r③❡③ ❑✉❝❤❛r❝③❛❦❛ ✐ ❯r❜❛♥✐❦❛ ✇ ♣r❛❝② ❬❑❯✽✻❪✳ ❯❞❛➟♦ ♥❛♠ s✐➛
✉③✉♣❡➟♥✐➣ ❝③➛➧➣ ❞♦✇♦❞ó✇ ③ t❡❥ ♣r❛❝② ♦r❛③ ✇②❦❛③❛➣ ✇ ♦❣ó❧♥❡❥ s②t✉❛❝❥✐✱ ➺❡ r❡❣✉❧❛r♥♦➧➣ ❥❡st ✇➟❛s♥♦➧❝✐→
❞③✐❡❞③✐❝③♦♥→ ♣r③❡③ s➟❛❜② s♣❧♦t✳

P♦❞ t→ ❝③➛➧➣ ♠♦✐❝❤ ❜❛❞❛➠ ♥❛✉❦♦✇②❝❤ ♣♦❞❧❡❣❛ t❛❦➺❡ ♣r❛❝❛ ❬❑✉❧✶✵❛❪✱ ❦tór❡❥ ❣➟ó✇♥②♠ ❝❡❧❡♠
❜②➟♦ ♦♣✐s❛♥✐❡ ♣r③②❦➟❛❞ó✇ q✲ ✐ (p, q)✲s♣❧♦tó✇✳ ❲②♥✐❦✐ t❡❥ ♣r❛❝② r③✉❝❛❥→ ♥✐❡❝♦ ➧✇✐❛t➟❛ ♥❛ t♦✱ ❥❛❦
s❦♦♠♣❧✐❦♦✇❛♥❡ ♠♦❣→ ❜②➣ ♦❜✐❡ ♦♣❡r❛❝❥❡ ✕ ♦❦❛③✉❥❡ s✐➛✱ ➺❡ q✲s♣❧♦t ❞✇ó❝❤ ♠✐❛r ♣✉♥❦t♦✇②❝❤ ♠♦➺❡
♠✐❡➣ ♥♦➧♥✐❦ ♥✐❡s❦♦➠❝③♦♥②✱ ❛ ③ ❦♦❧❡✐ (1, 1)✲s♣❧♦t t❛❦✐❝❤ ♠✐❛r ♠❛ r♦③❦➟❛❞ ❝✐→❣➟② ♦ ❣➛st♦➧❝✐ ❛r❝✉s
s✐♥✉s ✭❛ ✇✐➛❝ ♦ ③✇❛rt②♠ ♥♦➧♥✐❦✉✮✳ ❲❛➺♥②♠ ✇②♥✐❦✐❡♠ ❥❡st ♦♣✐s ♠✐❛r② ♦❞♣♦✇✐❛❞❛❥→❝❡❥ ❝✐→❣♦✇✐

♠♦♠❡♥tó✇ mn =
[n]q ![n]1/q !

n! ③ ❝❡♥tr❛❧♥❡❣♦ t✇✐❡r❞③❡♥✐❛ ❣r❛♥✐❝③♥❡❣♦ ❞❧❛ (p, q)✲s♣❧♦t✉✳ ▼✐❛r❛ t❛ ❥❡st
③✇✐→③❛♥❛ ③ ♠✐❛r→ ❜❛❞❛♥→ ♣r③❡③ ❈❤✳ ❇❡r❣❛ ✇ ❬❇❡r✵✺❪✱ ♥❛③②✇❛♥→ ✏✉♦❣ó❧♥✐♦♥②♠ s♣❧♦t❡♠ ●❛♠♠❛✑
✭❛♥❣✳ ❣❡♥❡r❛❧✐③❡❞ ●❛♠♠❛ ❝♦♥✈♦❧✉t✐♦♥✱ ♥✐❡ ♠②❧✐➣ ③❡ s♣❧♦t❛♠✐ ✉♦❣ó❧♥✐♦♥②♠✐ ❯r❜❛♥✐❦❛✮✳

✹✳✷ ◆✐❡③❛❧❡➺♥♦➧❝✐ ♥✐❡♣r③❡♠✐❡♥♥❡

❏❡❞♥②♠ ③ ❦❧✉❝③♦✇②❝❤ ♣♦❥➛➣ ✇ ❦❧❛s②❝③♥②♠ r❛❝❤✉♥❦✉ ♣r❛✇❞♦♣♦❞♦❜✐❡➠st✇❛ ❥❡st ♥✐❡③❛❧❡➺♥♦➧➣ ③♠✐✲
❡♥♥②❝❤ ❧♦s♦✇②❝❤✱ ❦tór→ ♠♦➺♥❛ ✭♠✳✐♥✳✮ ③❞❡✜♥✐♦✇❛➣ ❥❛❦♦ ✇➟❛s♥♦➧➣ ♣♦③✇❛❧❛❥→❝→ ✇②❧✐❝③②➣ ♠♦♠❡♥t②
♠✐❡s③❛♥❡ ❞✇ó❝❤ ③♠✐❡♥♥②❝❤ ♥❛ ♣♦❞st❛✇✐❡ r♦③❦➟❛❞✉ ❦❛➺❞❡❥ ③❡ ③♠✐❡♥♥②❝❤ ♦s♦❜♥♦✳ P♦❥➛❝✐❡ t♦ ✉♦❣ó❧♥✐❛
s✐➛ ❞♦ s②t✉❛❝❥✐✱ ✇ ❦tór❡❥ ♣r③❡str③❡➠ ③♠✐❡♥♥②❝❤ ❧♦s♦✇②❝❤ ❥❡st ♥✐❡♣r③❡♠✐❡♥♥❛ ✭❥❡st t♦ ∗✲ ❧✉❜ ❈∗✲ ❛❧❣❡✲
❜r❛ ③❡ st❛♥❡♠✮✱ ❛❧❡ ✇ ♣r③❡❝✐✇✐❡➠st✇✐❡ ❞♦ s②t✉❛❝❥✐ ❦❧❛s②❝③♥❡❥ ✇ ♥✐❡♣r③❡♠✐❡♥♥❡❥ ♣r♦❜❛❜✐❧✐st②❝❡ ✐st♥✐❡❥❡
✇✐❡❧❡ ♥✐❡③❛❧❡➺♥♦➧❝✐✱ ♠✳✐♥✳ ♥✐❡③❛❧❡➺♥♦➧➣ t❡♥s♦r♦✇❛✱ ✇♦❧♥❛ ❬❱♦✐✽✻❪✱ ❜♦♦❧❡♦✇s❦❛ ❬❇♦③✽✻✱ ❇♦③✽✼✱ ❙❲✾✼❪✱
♠♦♥♦t♦♥✐❝③♥❛ ❬▼✉r✵✶❪✳ Pró❜② ❦❧❛s②✜❦❛❝❥✐ ♥✐❡③❛❧❡➺♥♦➧❝✐ ♥✐❡♣r③❡♠✐❡♥♥②❝❤ ♣♦❞❡❥♠♦✇❛❧✐ ❙♣❡✐❝❤❡r
❬❙♣❡✾✼❪✱ ❇❡♥ ●❤♦r❜❛❧ ✐ ❙❝❤ür♠❛♥♥ ❬❇●❙✵✷❪✱ ▼✉r❛❦✐ ❬▼✉r✵✸❪✱ ❛ ♦st❛t♥✐♦ ●❡r❤♦❧❞ ✐ ▲❛❝❤s ❬●▲✶✺❪
♦r❛③ ▼❛♥③❡❧ ❬▼❙✶✼❪✳ ❲ ③❛❧❡➺♥♦➧❝✐ ♦❞ ♣r③②❥➛t②❝❤ ③❛➟♦➺❡➠ ✭✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ♣r♦❞✉❝ts✱ ✉♥✐✈❡rs❛❧
♥❛t✉r❛❧ ♣r♦❞✉❝ts✱ ✉❛✉✲♣r♦❞✉❝ts✮ ❞♦st❛❥❡♠② ró➺♥❡ ♦❞♣♦✇✐❡❞③✐✳

Pr③②❦➟❛❞❛♠✐✱ ❦tór② ✇②♠②❦❛❥→ s✐➛ ✭♥❛ r❛③✐❡✮ ♣♦✇②➺s③②♠ ❦❧❛s②✜❦❛❝❥♦♠✱ ❥❡st ❜♠✲♥✐❡③❛❧❡➺♥♦➧❝✐ ✐
❜❢✲♥✐❡③❛❧❡➺♥♦➧➣✳ ❖❜✐❡ ♣♦✇st❛❥→ ♣r③❡③ ♣r③❡❥➧❝✐❡ ♦❞ r♦❞③✐♥ ❛❧❣❡❜r ✐♥❞❡❦s♦✇❛♥②❝❤ ❧✐❝③❜❛♠✐ ♥❛t✉❛❧✲
♥②♠✐ ♥❛ r♦❞③✐♥② ❛❧❣❡❜r ✐♥❞❡❦s♦✇❛♥❡ ③❜✐♦r❛♠✐ ❝③➛➧❝✐♦✇♦ ✉♣♦r③→❞❦♦✇❛♥②♠✐✱ ❞③✐➛❦✐ ❝③❡♠✉ ♣♦✇st❛❥❡
✏♠✐❡s③❛♥❦❛✑ ❞✇ó❝❤ ♥✐❡③❛❧❡➺♥♦➧❝✐ ✭♦❞♣♦✇✐❡❞♥✐♦✿ ❜♦♦❧❡♦✇s❦✐❡❥ ✐ ♠♦♥♦t♦♥✐❝③♥❡❥✱ ♦r❛③ ✇♦❧♥❡❥ ✐ ♠♦♥♦✲
t♦♥✐❝③♥❡❥✮✳

❇♠✲♥✐❡③❛❧❡➺♥♦➧➣ ③♦st❛➟❛ ③❞❡✜♥✐♦✇❛♥❛ ✇ ♣r❛❝② ❬❲②s✵✽❪✱ ❛ ✇ ♣r❛❝② ❬❑❲✶✵❪ ✇r❛③ ③ ❏❛♥✉s③❡♠
❲②s♦❝③❛➠s❦✐♠ ❜❛❞❛❧✐➧♠② ♦❞♣♦✇✐❛❞❛❥→❝❡ t❡❥ ♥✐❡③❛❧❡➺♥♦➧❝✐ r✉❝❤② ❇r♦✇♥❛ ✭t③✇✳ ❜♠✲r✉❝❤② ❇r♦✇♥❛✮✳
❙→ ♦♥❡ ✉♦❣ó❧♥✐❡♥✐❡♠ ❦❧❛s②❝③♥❡❣♦ r✉❝❤✉ ❇r♦✇♥❛ ✇ ❞✇ó❝❤ ❛s♣❡❦t❛❝❤ ✕ ✬♣❛r❛♠❡tr ❝③❛s♦✇②✬ ♣r♦✲
❝❡s✉ ❧♦s♦✇❡❣♦ ♥❛❧❡➺② ❞♦ ✭✇✐❡❧♦✇②♠✐❛r♦✇❡❣♦✮ ③❜✐♦r✉ ❝③➛➧❝✐♦✇♦ ✉♣♦r③→❞❦♦✇❛♥❡❣♦ ③❛♠✐❛st ❞♦ ♦s✐
r③❡❝③②✇✐st❡❥✱ ❛ ③❛♠✐❛st ❦❧❛s②❝③♥❡❥ ♥✐❡③❛❧❡➺♥♦➧❝✐ ♣r③②r♦stó✇ r♦③✇❛➺❛♠② ❜♠✲♥✐❡③❛❧❡➺♥♦➧➣✳ ❲ ♣r❛❝②
r♦③✇❛➺❛❧✐➧♠② ❝③➛➧❝✐♦✇❡ ♣♦r③→❞❦✐ ③❛❞❛♥❡ ♣r③❡③ st♦➺❦✐ ❞♦❞❛t♥✐❡ ✇ ♣r③❡str③❡♥✐❛❝❤ ❡✉❦❧✐❞❡s♦✇②❝❤✿
st♦➺❦✐ Rd+✱ st♦➺❦✐ ▲♦r❡♥t③❛ ✐ st♦➺❦✐ ❞♦❞❛t♥✐♦ ♦❦r❡➧❧♦♥②❝❤✱ r③❡❝③②✇✐st②❝❤ ♠❛❝✐❡r③② s②♠❡tr②❝③♥②❝❤ ✭❞❧❛
ró➺♥②❝❤ ✇②♠✐❛ró✇✮✳ ❑❛➺❞② t❛❦✐ st♦➺❡❦ Π ⊂ V ③❛❞❛❥❡ ♥❛t✉r❛❧♥② ❝③➛➧❝✐♦✇② ♣♦r③→❞❡❦✿ u �Π v✱ ❣❞②
v − u ∈ Π✳ ❩❣♦❞♥✐❡ ③ ❦❧❛s②✜❦❛❝❥→ st♦➺❦ó✇ r③❡❝③②✇✐st②❝❤ s②♠❡tr②❝③♥②❝❤ ✭♣❛tr③ ❬❋❑✾✹❪✮✱ ♣r③②❦➟❛❞②
t❡ r❡♣r❡③❡♥t✉❥→ ❞♦➧➣ ❞✉➺→ ❦❧❛s➛ t❡❣♦ t②♣✉ ♦❜✐❡❦tó✇✳

❑♦♥str✉❦❝❥❛ ♦♣✐s❛♥❛ ✇ ♥❛s③❡❥ ♣r❛❝② st❛♥♦✇✐ r❡❛❧✐③❛❝❥➛ ❝③➛st♦ ♣♦❥❛✇✐❛❥→❝❡❣♦ s✐➛ ✇ ❧✐t❡r❛t✉r③❡
♣♦♠②s➟✉✱ ❛❜② ♣r③❡③ r✉❝❤ ❇r♦✇♥❛ r♦③✉♠✐❡➣ s✉♠➛ ♦♣❡r❛t♦ró✇ ❦r❡❛❝❥✐ ✐ ❛♥✐❤✐❧❛❝❥✐ ♥❛ ♦❞♣♦✇✐❡❞♥✐❡❥
♣r③❡str③❡♥✐ ❋♦❝❦❛✱ ❞③✐❛➟❛❥→❝②❝❤ ♥❛ ❢✉♥❦❝❥❛❝❤ ❝❤❛r❛❦t❡r②st②❝③♥②❝❤ ♣r③❡❞③✐❛➟ó✇✳ ❲ ♥❛s③②♠ ♣r③②✲
♣❛❞❦✉ ♦❞♣♦✇✐❡❞♥✐❛ ♣r③❡str③❡➠ ❋♦❝❦❛ ✭t③✇✳ ❜♠✲♣r③❡str③❡➠ ❋♦❝❦❛✮ ❥❡st ✉♦❣ó❧♥✐❡♥✐❡♠ ❦♦♥str✉❦❝❥✐ ▼✉✲
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r❛❦✐❡❣♦ ③ ❬▼✉r✾✼❪✱ ❛ r✉❝❤ ❇r♦✇♥❛ ✐♥❞❡❦s♦✇❛♥② ❞♦✇♦❧♥②♠ st♦➺❦✐❡♠ Π ❥❡st ③❞❡✜♥✐♦✇❛♥② ❥❛❦♦

Qξ = a(χ[0,ξ]) + a+(χ[0,ξ]) ❞❧❛ ξ ∈ Π,

❣❞③✐❡ a ✐ a+ s→ ❛♥✐❤✐❧❛❝❥→ ✐ ❦r❡❛❝❥→✳ Pr③②r♦st② ♥❛ ♣r③❡❞③✐❛❧❡ I := [η, ξ] ⊂ Π s→ ③❞❡✜♥✐♦✇❛♥❡
❥❛❦♦ QI = a(χ[η,ξ]) + a+(χ[η,ξ]) ❞❧❛ ξ ∈ Π✳ ❩❛❧❡t→ ③❛➟♦➺♦♥❡❣♦ ❝③➛➧❝✐♦✇❡❣♦ ✉♣♦r③→❞❦♦✇❛♥✐❛ ③❜✐♦r✉
✐♥❞❡❦só✇ ❥❡st ♥❛t✉r❛❧♥❡ ✉♦❣ó❧♥✐❡♥✐❡ ♣♦❥➛❝✐❛ ♣r③❡❞③✐❛➟✉✱ ♥✐❡③❜➛❞♥❡ ✇ ♣♦✇②➺s③❡❥ ❞❡✜♥✐❝❥✐✳

❇❛❞❛❥→❝ ✇➟❛s♥♦➧❝✐ t❛❦ ③❞❡✜♥✐♦✇❛♥❡❣♦ ♣r♦❝❡s✉✱ ✇②❦❛③❛❧✐➧♠②✱ ➺❡ ❞❧❛ ♣r③❡❞③✐❛➟ó✇
✧❜♠✲✉♣♦r③→❞❦♦✇❛♥②❝❤✧ ✭t♦ ✇➟❛➧❝✐✇❡ ✉♦❣ó❧♥✐❡♥✐❡ ♣♦❥➛❝✐❛ ♣r③❡❞③✐❛➟ó✇ r♦③➟→❝③♥②❝❤✮ ♣r③②r♦st② QI s→
❜♠✲♥✐❡③❛❧❡➺♥❡✳ P♦❧✐❝③②❧✐➧♠② t❛❦➺❡ ♠♦♠❡♥t② r♦③❦➟❛❞✉ ♣r❛✇❞♦♣♦❞♦❜✐❡➠st✇❛ r✉❝❤✉ ❇r♦✇♥❛✱ ❞♦✇♦❞③→❝
❈❡♥tr❛❧♥❡ ❚✇✐❡r❞③❡♥✐❡ ●r❛♥✐❝③♥❡ ❞❧❛ ③♠✐❡♥♥②❝❤ ❜♠✲♥✐❡③❛❧❡➺♥②❝❤ ✭❜♠✲❈▲❚✱ ❬❑❲✶✵✱ ❚❤❡♦r❡♠ ✶✽❪✮
✇ ✇❡rs❥✐ ❞❧❛ ♣r③❡❞③✐❛➟ó✇ ✕ ✇ ♣r❛❝② ❬❲②s✵✽❪ ❜②➟♦ ♦♥♦ ✉❞♦✇♦❞♥✐♦♥❡ ❞❧❛ ③❜✐♦ró✇ ♥✐❡ ❜➛❞→❝②❝❤ ♣r③❡❞③✐✲
❛➟❛♠✐✳ ❚❛ ♥♦✇❛ ✇❡rs❥❛ ❜♠✲❈▲❚ ❜r③♠✐ ♥❛st➛♣✉❥→❝♦✿ ③♥♦r♠❛❧✐③♦✇❛♥❡ s✉♠② ③♠✐❡♥♥②❝❤ ❧♦s♦✇②❝❤
❜♠✲♥✐❡③❛❧❡➺♥②❝❤ ❞→➺→ ❞♦ s②♠❡tr②❝③♥❡❥ ♠✐❛r② ❣r❛♥✐❝③♥❡❥ ♦ ♣❛r③②st②❝❤ ♠♦♠❡♥t❛❝❤ (gn)

∞
n=0✱ ❦tór❡

s♣❡➟♥✐❛❥→ ✉♦❣ó❧♥✐♦♥→ r❡❦✉r❡♥❝❥➛ ❈❛t❛❧❛♥❛✿

g0 = g1 = 1, gn =

n
∑

k=1

γkgk−1gn−k,

❈✐→❣ (γk)k ♥❛③✇❛❧✐➧♠② ✬❝❤❛r❛❦t❡r②st②❦→ ♦❜❥➛t♦➧❝✐♦✇→✬ r♦③✇❛➺❛♥❡❣♦ st♦➺❦❛ Π ✐ ❥❡❣♦ ③♥❛❧❡③✐❡♥✐❡
❜②➟♦ ❦❧✉❝③♦✇②♠ ❦r♦❦✐❡♠ ✇ ❞♦✇♦❞③✐❡ ❜♠✲❈▲❚✿ ♣♦❦❛③❛❧✐➧♠② ❬❑❲✶✵✱ ❚❤❡♦r❡♠ ✷❪✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ ③
r♦③✇❛➺❛♥②❝❤ st♦➺❦ó✇ ✐st♥✐❡❥❡ ❝✐→❣ (γk)k t❛❦✐✱ ➺❡ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ♣r③❡❞③✐❛➟✉ [η, ξ] ⊂ Π ✐ ❞❧❛ ❞♦✇♦❧♥②❝❤
k ∈ N

∫

[η,ξ]
(vol [η, ρ])k−1 dρ = γk · (vol [η, ξ])k.

Pr③❡③ vol [η, ξ] ♦③♥❛❝③❛♠② t✉t❛❥ ♦❜❥❡t♦➧➣ ❡✉❦❧✐❞❡s♦✇→ ♣r③❡❞③✐❛➟✉ ✭❦❛➺❞② r♦③✇❛➺❛♥② ♣r③❡③ ♥❛s st♦➺❡❦
♠♦➺❡ ❜②➣ ③❛♥✉r③♦♥② ✇ r③❡❝③②✇✐st❡❥ ♣r③❡str③❡♥✐ ❡✉❦❧✐❞❡s♦✇❡❥ Rd ③ ♠✐♥✐♠❛❧♥②♠ d✱ ♣❛tr③ ❦❧❛s②✜❦❛❝❥❛
s②♠❡tr②❝③♥②❝❤ st♦➺❦ó✇ ❞♦❞❛t♥✐❝❤ ✇ ❬❋❑✾✹❪✮✳

❉❧❛ ♣r③②❦➟❛❞✉✱ γk = 1
kd

✇ ♣r③②♣❛❞❦✉ R
d
+✱ ❛ γk = 24

(3n−1)(3n)(3n+1) ❞❧❛ ❞✇✉✇②♠✐❛r♦✇❡❣♦ st♦➺❦❛
▲♦r❡♥t③❛ ❧✉❜ s②♠❡tr②❝③♥②❝❤✱ ❞♦❞❛t♥✐♦ ♦❦r❡➧❧♦♥②❝❤ ♠❛❝✐❡r③② r③❡❝③②✇✐st②❝❤ 2×2✳ ❈✐❡❦❛✇② ❥❡st ❢❛❦t✱
➺❡ t❡♥ s❛♠ ❝✐→❣ (γk)k ♣♦❥❛✇✐❛ s✐➛ ③❛ró✇♥♦ ✇ t✇✐❡r❞③❡♥✐✉ ♦ ❝❤❛r❛❦t❡r③❡ ❣❡♦♠❡tr②❝③♥②♠ ✭✬❝❤❛r❛❦✲
t❡r②st②❦❛ ♦❜❥➛t♦➧❝✐♦✇❛ st♦➺❦❛✬✮✱ ❥❛❦ ✐ ✇ t✇✐❡r❞③❡♥✐✉ t②♣♦✇♦ ♣r♦❜❛❜✐❧✐st②❝③♥②♠ ✭❜♠✲❈▲❚✮✳

Pr❛❝❛ ❬❑❲✶✸❪ st❛♥♦✇✐ ♣ró❜➛ ③❞❡✜♥✐♦✇❛♥✐❛ ♣♦❥➛❝✐❛ ❜❢✲♥✐❡③❛❧❡➺♥♦➧❝✐✱ ❝③②❧✐ ✭♥✐❡♣r③❡♠✐❡♥♥❡❥✮ ♥✐❡③❛✲
❧❡➺♥♦➧❝✐ ③❛✇✐❡r❛❥→❝❡❥ ❥❛❦♦ s♣❡❝❥❛❧♥❡ ♣r③②♣❛❞❦✐ ♥✐❡③❛❧❡➺♥♦➧➣ ✇♦❧♥→ ✐ ❜♦♦❧❡✬♦✇s❦→✳ ❚❛❦ ❥❛❦ ✇ ♣r③②✲
♣❛❞❦✉ ❜♠✲♥✐❡③❛❧❡➺♥♦➧❝✐✱ r♦❞③✐♥❛ ❛❧❣❡❜r ❥❡st ✐♥❞❡❦s♦✇❛♥❛ ③❜✐♦r❡♠ ❝③➛➧❝✐♦✇♦ ✉♣♦r③→❞❦♦✇❛♥②♠ X ✱
♥♣✳ ♣r③❡str③❡♥✐→ ✇❡❦t♦r♦✇→ ③❡ st♦➺❦✐❡♠ ❞♦❞❛t♥✐♠✳

❲ ♣r❛❝② ♦♣✐s❛❧✐➧♠② ♣r③❡str③❡➠ t②♣✉ ❋♦❝❦❛ ♦r❛③ r♦③s③❡r③❡♥✐❛ r♦❞③✐♥② ♦♣❡r❛t♦ró✇ t❛❦✱ ❛❜② ✇
s③❝③❡❣ó❧♥②❝❤ ♣r③②♣❛❞❦❛❝❤ ♦tr③②♠❛➣ r♦❞③✐♥② ❜♦♦❧❡✬♦✇s❦♦ ❧✉❜ ✇♦❧♥✐❡ ♥✐❡③❛❧❡➺♥❡✳ ❚❛❦❛ ♣r③❡str③❡➠
❜❢✲❋♦❝❦❛ ❥❡st r♦③♣✐➛t❛ ♣r③❡③ t❡♥s♦r② ♣r♦st❡✱ ✐♥❞❡❦s♦✇❛♥❡ ❡❧❡♠❡♥t❛♠✐ ♣❛r❛♠✐ ró➺♥②♠✐ ✐ ♣♦ró✇♥②✲
✇❛❧♥②♠✐✱ ❛ r♦③s③❡r③❡♥✐❛ ♦♣❡r❛t♦ró✇ ❞③✐❛➟❛❥→ ♥✐❡③❡r♦✇♦ ♥❛ t❡♥s♦r❛❝❤ t✇♦r③→❝②❝❤ ➟❛➠❝✉❝❤② ③ ✐♥❞❡❦✲
s❡♠ ♦♣❡r❛t♦r❛✳ ❉❧❛ ♣r③②♣❛❞❦✉ ♣r③❡str③❡♥✐ X = R

d ③ ♣♦r③→❞❦✐❡♠ ③❛❞❛♥②♠ ♣r③❡③ st♦➺❡❦ Π :=
{(a1, . . . , ad) ∈ R

n : 0 ≤ a1, . . . , 0 ≤ ad} ✐ ♣♦✇②➺s③❡❣♦ ♠♦❞❡❧✉ ❜❢✲r♦③s③❡r③❡➠ ♦♣❡r❛t♦ró✇ ✉❞♦✇♦❞♥✐❧✲
✐➧♠② ❈❡♥tr❛❧♥❡ ❚✇✐❡r❞③❡♥✐❡ ●r❛♥✐❝③♥❡✳
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◆❛s③❛ ♣r❛❝❛ ♥✐❡ ❞❡✜♥✐✉❥❡ ♥❛ r❛③✐❡ ❜❢✲♥✐❡③❛❧❡➺♥♦➧❝✐ ③♠✐❡♥♥②❝❤ ❧♦s♦✇②❝❤ ♣♦③❛ ♠♦❞❡❧❡♠ ♦♣❡r❛✲
t♦r♦✇②♠✱ ❛❧❡ st❛♥♦✇✐ ♣✐❡r✇s③② ❦r♦❦ ✇ t②♠ ❦✐❡r✉♥❦✉✳ ❲❛rt♦ t❡➺ ✇s♣♦♠♥✐❡➣✱ ➺❡ ♥✐❡❞❛✇♥♦ ❲❡✐❤✉❛
▲✐✉ ❬▲✐✉✶✼❪ ♣♦❞❥→➟ ♣♦❞♦❜♥→ ♣ró❜➛ ③❞❡✜♥✐♦✇❛♥✐❛ ♥✐❡③❛❧❡➺♥♦➧❝✐ ➟→❝③→❝❡❥ ♥✐❡③❛❧❡➺♥♦➧❝✐ ✇♦❧♥→ ✐ ❜♦♦❧❡✲
♦✇s❦→✱ ❦♦r③②st❛❥→❝ ③ ♥✐❡❞❛✇♥♦ ✇♣r♦✇❛❞③♦♥❡❥ ♣r③❡③ ❱♦✐❝✉❧❡s❝✉ ❞✇✉✲✇♦❧♥♦➧❝✐ ✭❜✐✲❢r❡❡♥❡ss ♦❢ ♣❛✐rs ♦❢
❢❛❝❡s✮✱ ❬❱♦✐✶✹❪✳

✹✳✸ ▼♦❞❡❧❡ ♦♣❡r❛t♦r♦✇❡ ♣❡✇♥②❝❤ tr❛♥s❢♦r♠❛❝❥✐ ♠✐❛r ✐ ♣❡rt✉r❜❛❝❥❡ ❞✇✉✇②♠✐✲

❛r♦✇❡

◆✐❡❝❤ P(R) ♦③♥❛❝③❛ ③❜✐ór ✇s③②st❦✐❝❤ ♠✐❛r ♣r♦❜❛❜✐❧✐st②❝③♥②❝❤ ♦ ♥♦➧♥✐❦✉ ♥❛ ♦s✐ r③❡❝③②✇✐st❡❥ R✳
❚r❛♥s❢♦r♠❛t❛ ❈❛✉❝❤②✬❡❣♦ ❞♦✇♦❧♥❡❥ ♠✐❛r② µ ∈ P(R) ❥❡st ③❞❡✜♥♦✇❛♥❛ ❥❛❦♦

Gµ(z) =

∫

R

dµ(x)

z − x
, z ∈ C

+ = {z ∈ C : Im(z) > 0}.

❏❡st t♦ ❢✉♥❦❝❥❛ ❤♦❧♦♠♦r✜❝③♥❛ ❞③✐❛➟❛❥→❝❛ ③ ❣ór♥❡❥ ♣ó➟♣➟❛s③❝③②③♥② C
+ ✇ ❞♦❧♥→ C

−✳ ❲✐❛❞♦♠♦✱ ➺❡
✐st♥✐❡❥❡ ❥❡❞♥♦③♥❛❝③♥❛ ♦❞♣♦✇✐❡❞♥✐♦➧➣ ♠✐➛❞③② ♠✐❛r❛♠✐ ③ P(R) ❛ ✐❝❤ tr❛♥s❢♦r♠❛❝❥❛♠✐ ❈❛✉❝❤②✬❡❣♦ ✭♠✐✲
❛r➛ ♠♦➺♥❛ ♦❞③②s❦❛➣ ♣♦♣r③❡③ t③✇✳ ♦❞✇r♦t♥→ tr❛♥s❢♦r♠❛❝❥➛ ❙t✐❡❧t❥❡s❛✮✳ P♦♥❛❞t♦✱ ❢✉♥❦❝❥❛ ③❡s♣♦❧♦♥❛
F (z) ❥❡st ♦❞✇r♦t♥♦➧❝✐→ tr❛♥s❢♦r♠❛t② ❈❛✉❝❤②✬❡❣♦ ♣❡✇♥❡❥ ♠✐❛r② µ ∈ P(R) ✭t③♥✳ ✐st♥✐❡❥❡ µ t❛❦✐❡✱ ➺❡
F (z) = 1

Gµ(z)
✮ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② F ❥❡st ❢✉♥❦❝❥→ ◆❡✈❛♥❧✐♥♥②✱ t③♥✳ ✐st♥✐❡❥→ α ∈ R ♦r❛③ ♠✐❛r❛

❞♦❞❛t♥✐❛ ρ ♥❛ R t❛❦✐❡✱ ➺❡

F (z) = α+ z +

∫ +∞

−∞

1 + xz

x− z
dρ(x).

❑♦r③②st❛❥→❝ ③ ♣♦✇②➺s③❡❣♦ t✇✐❡r❞③❡♥✐❛✱ ♠♦➺♥❛ ♣♦❦❛③❛➣✱ ➺❡ ❞❧❛ ❞♦✇♦❧♥❡❣♦ p ∈ R✱ q ≥ 0 ✐ ❞❧❛
❞♦✇♦❧♥❡❥ ♠✐❛r② µ ♥❛ R t❛❦✐❡❥✱ ➺❡ m1 =

∫

xdµ(x) < ∞ ✭♣✐❡r✇s③② ♠♦♠❡♥t ♠✐❛r② µ ❥❡st s❦♦➠❝③♦♥②✮✱
❢✉♥❦❝❥❛ G(z) ③❞❡✜♥✐♦✇❛♥❛ ró✇♥❛♥✐❡♠

1

G(z)
=

q

Gµ
+ (1− q)z + (p− q)m1,

❥❡st tr❛♥s❢♦r♠❛t→ ❈❛✉❝❤②✬❡❣♦ ♣❡✇♥❡❥ ♠✐❛r② µp,q✳ Pr③②♣♦r③→❞❦♦✇❛♥✐❡ µ 7→ µp,q✱ ♥❛③✇❛♥❡ ❯✲
tr❛♥s❢♦r♠❛t→ ✭③ ♣❛r❛♠❡tr❛♠✐ (p, q)✮✱ ③♦st❛➟♦ ③❞❡✜♥✐♦✇❛♥❡ ♣r③❡③ ❆✳ ❑r②st❡❦ ✐ ❍✳ ❨♦s❤✐❞➛ ✇ ♣r❛❝②
❬❑❨✵✹❪✳ ❏❡st ♦♥♦ ✉♦❣ó❧♥✐❡♥✐❡♠ t③✇✳ t✲tr❛♥s❢♦r♠❛t② ♦♣✐s❛♥❡❥ ✐ ❜❛❞❛♥❡❥ ✇ ♣r❛❝❛❝❤ ❬❇❲✾✽❪ ✐ ❬❇❲✵✶❪✳
✭❚r❛♥s❢♦r♠❛t➛ ❇♦➺❡❥❦✐ ✐ ❲②s♦❝③❛➠s❦✐❡❣♦ ❞♦st❛❥❡♠② ❞❧❛ p = q✱ ✇t❡❞② ③❛➟♦➺❡♥✐❡ m1 <∞ ♥✐❡ ❥❡st ❥✉➺
♣♦tr③❡❜♥❡✳✮

●➟ó✇♥②♠ ❝❡❧❡♠ ♣r❛❝② ❬❑❲❲✶✼❪ ❜②➟♦ ♦♣✐s❛♥✐❡ ♠♦❞❡❧✉ ♦♣❡r❛t♦r♦✇❡❣♦ ❞❧❛ ❯✲tr❛♥s❢♦r♠❛t②✿ ❞❧❛
❦❛➺❞❡❣♦ s❛♠♦s♣r③➛➺♦♥❡❣♦ ♦♣❡r❛t♦r❛ A ♥❛ ♣r③❡str③❡♥✐ ❍✐❧❜❡rt❛ H ✐ ❞❧❛ ✉st❛❧♦♥❡❣♦ ✉♥♦r♠♦✇❛♥❡❣♦
✇❡❦t♦r❛ u ∈ Dom(A) ✐st♥✐❡❥❡ ❥❡❞②♥❛ ♠✐❛r❛ µA ♥❛ R✱ ③✇❛♥❛ r♦③❦➟❛❞❡♠ A✱ t❛❦❛✱ ➺❡

〈(z −A)−1u, u〉 =
∫ ∞

−∞

dµA(x)

z − x
, z ∈ C

+. ✭✷✽✮

✭❲②r❛➺❡♥✐❡ ♣♦ ❧❡✇❡❥ str♦♥✐❡ t♦ ❢✉♥❦❝❥❛ ❲❡②❧❛ ♦♣❡r❛t♦r❛ A✳✮ ▼❛❥→❝ ❞❛♥② ♦♣❡r❛t♦r A✱ ♠♦➺❡♠② ③
❥❡❞♥❡❥ str♦♥② ③✇✐→③❛➣ ③ ♥✐♠ ❥❡❣♦ r♦③❦➟❛❞ µA ✐ ✉t✇♦r③②➣ ❯✲tr❛♥s❢♦r♠❛t➛ t❡❣♦ r♦③❦➟❛❞✉ (µA)p,q✳ ❩
❞r✉❣✐❡❥ str♦♥② ♠♦➺❡♠② ✇②❦♦♥❛➣ ♣❡✇♥→ ♦♣❡r❛❝❥➛ U ♥❛ A✱ t❥✳ U : A 7→ U(A)✱ ♦tr③②♠✉❥→❝ ♦♣❡r❛t♦r

✸✺



U(A) ♦ r♦③❦➟❛❞③✐❡ µU(A)✳ Pr③❡③ ♦♣❡r❛t♦r♦✇② ♠♦❞❡❧ ❞❧❛ ❯✲tr❛♥s❢♦r♠❛t② ♠✐❛r µ 7→ µp,q r♦③✉♠✐❡♠②
t❛❦✐ ✇②❜ór ♦♣❡r❛❝❥✐ U = Up,q✱ ❛❜② (µA)p,q = µU(A)✳ ❉♦st❛❥❡♠② ✇t❡❞② ♣r③❡♠✐❡♥♥② ❞✐❛❣r❛♠

A −−−→ µA

U





y





y
Up,q

U(A) −−−→ µU(A)

❖❦❛③❛➟♦ s✐➛✱ ➺❡ ♦♣❡r❛t♦r♦✇②♠♠♦❞❡❧❡♠❯✲tr❛♥s❢♦r♠❛t② ③ ♣❛r❛♠❡tr❛♠✐ (p, q) ❥❡st ❞✇✉✇②♠✐❛r♦✇❡
③❛❜✉r③❡♥✐❡

U(A) = A− s(u⊗Au)− t(Au⊗ u),

❣❞③✐❡ p = st ✐ q = (1− s)(1− t) > 0 ♦r❛③ (u⊗ w)f := 〈f, w〉u✳
❙③✉❦❛❥→❝ ♦♣❡r❛t♦r♦✇❡❣♦ ♠♦❞❡❧✉ ❞❧❛ ❯✲tr❛♥s❢♦r♠❛t② ③♥❛❧❡➵❧✐➧♠② ♦❣ó❧♥→ ♠❡t♦❞➛ ❧✐❝③❡♥✐❛ ❢✉♥❦❝❥✐

❲❡②❧❛ ❞❧❛ ♣❡✇♥②❝❤ ✭✬❞✐❛❣♦♥❛❧♥②❝❤✬ ✐ ✬❛♥t②❞✐❛❣♦♥❛❧♥②❝❤✬✮ ❞✇✉✇②♠✐❛r♦✇②❝❤ ③❛❜✉r③❡➠ ♦♣❡r❛t♦ró✇✱
❦tór❡❥ ③❛st♦s♦✇❛♥✐❡ ✇②❝❤♦❞③✐ ♣♦③❛ ♥✐❡♣r③❡♠✐❡♥♥→ ♣r♦❜❛❜✐❧✐st②❦➛✳ P♦③✇❛❧❛ ♦♥❛ ❜❛❞❛➣ ✇✐❞♠❛ ❞✇✉✲
✇②♠✐❛r♦✇②❝❤ ③❛❜✉r③❡➠ ♠❛❝✐❡r③② ✐ ✐❝❤ ③❛❝❤♦✇❛♥✐❡ ❣r❛♥✐❝③♥❡ ❞❧❛ r♦s♥→❝❡❣♦ ♣❛r❛♠❡tr✉✱ ❥❛❦ ró✇♥✐❡➺
✇❛rt♦➧❝✐ s✐♥❣✉❧❛r♥❡ ❥❡❞♥♦✇②♠✐❛r♦✇②❝❤ ③❛❜✉r③❡➠ ♠❛❝✐❡r③②✳ ◆❛s③❛ ♠❡t♦❞❛ ♣♦③✇♦❧✐➟❛ t❡➺ ③♥❛❧❡➵➣
✇❛r✉♥❡❦ ✇②st❛r❝③❛❥→❝② ♥❛ ✇➟❛s♥♦➧➣ ♣r③❡♣❧♦t✉ ✭❛♥❣✳ ✐♥t❡r❧❛❝✐♥❣ ♣r♦♣❡rt②✮ ♠✐➛❞③② ✇✐❞♠❡♠ ♠❛❝✐❡r③②
s❛♠♦s♣r③➛➺♦♥❡❥ ✐ ✇✐❞♠❡♠ ❥❡❥ ③❛❜✉r③❡♥✐❛ ✬❛♥t②❞✐❛❣♦♥❛❧♥❡❣♦✬✳ ❲➟❛s♥♦➧➣ t❛ ♦③♥❛❝③❛✱ ➺❡ ♠✐➛❞③②
❦❛➺❞②♠✐ ❞✇♦♠❛ ❦♦❧❡❥♥②♠✐ ✇❛rt♦➧❝✐❛♠✐ ✇➟❛s♥②♠✐ ♠❛❝✐❡r③② A ❧❡➺② ❞♦❦➟❛❞♥✐❡ ❥❡❞♥❛ ✇❛rt♦➧➣ ✇➟❛s♥❛
♠❛❝✐❡r③② As,t := A−s(u⊗Au)− t(Au⊗u)✳ ❲❛rt♦ ✇s♣♦♠♥✐❡➣✱ ➺❡ ❜❛❞❛♥✐❛ t❛❦✐❡ ♠❛❥→ ❞✉➺❡ ③♥❛❝③❡♥✐❡
✇ ❛♥❛❧✐③✐❡ ♥✉♠❡r②❝③♥❡❥✱ ♠♦❞❡❧♦✇❛♥✐✉ ♠❛t❡♠❛t②❝③♥②♠ ❝③② t❡♦r✐✐ s②❣♥❛➟ó✇✳

❘❡❢❡r❡♥❝❡s

❬❆❙✈❲✽✽❪ ▲✳❆❝❝❛r❞✐✱ ▼✳ ❙❝❤ür♠❛♥♥✱ ❲✳ ✈♦♥ ❲❛❧❞❡♥❢❡❧s✱ ◗✉❛♥t✉♠ ✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥t ♣r♦❝❡ss❡s ♦♥
s✉♣❡r❛❧❣❡❜r❛s✱ ▼❛t❤✳ ❩✳ ✶✾✽ ✭✶✾✽✽✮✱ ♥♦✳ ✹✱ ✹✺✶✕✹✼✼✳

❬❆P✽✾❪ ❏✳ ❆♥❞❡rs♦♥✱ ❲✳ P❛s❝❤❦❡✱ ❚❤❡ r♦t❛t✐♦♥ ❛❧❣❡❜r❛✳ ❍♦✉st♦♥ ❏✳ ▼❛t❤✳ ✶✺ ✭✶✾✽✾✮✱ ♥♦✳ ✶✱ ✶✕✷✻✳

❬❆♣♣✵✺❪ ❉✳ ❆♣♣❧❡❜❛✉♠✱ ▲é✈② ♣r♦❝❡ss❡s ✐♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡s ❛♥❞ ❣r♦✉♣s✳ ■♥✿ ◗✉❛♥t✉♠ ✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥t
♣r♦❝❡ss❡s✳ ■✱ ✶✕✾✽✱ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✳✱ ✶✽✻✺✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✺✳
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